M2S1 - EXERCISES 7: SOLUTIONS

1. The key is to find IID random variables X7, ..., X, such that

n
X =2 X,
i=1
and then to use the Central Limit Theorem result for large n:

X’i —np n
Zpy = 1172 — Z ~ Normal(0,1), so that X = ZXi ~ Normal(nu,no?), approximately,
no i=1

n

where p =Ey, [X;] and 0? =Vars, [X;].

(i) X ~ Binomial(n,0) = X = ) X; where X; ~ Bernoulli(f), so that p =E; [X;] = 6 and
i=1
0? =Vary, [X;] = 0(1 — 0), and hence

ZXZ‘—HQ

=1

Zp == ~ Normal(0,1) = X ~ Normal(nf,nf(1 — 0)), approximately.

(ii) X ~ Poisson(\) = X = > X; where X; ~ Poisson (\/n), so that p =E¢  [X;] = A\/n and
i=1
0? =Vary, [X;] = A/n, and hence
n A n
Z Xl —n— Z Xl - A
i=1 no

i=1

Zy = = ~ Normal(0,1) = X ~ Normal(\, \), approximately.

Note that this uses the result that the sum of independent Poisson variables also has a Poisson
distribution (proved using mgfs).

(i) X ~ NegBinomial(n,0) = X = > X; where X; ~ Geometric(f), so that u =Er  [X;] =1/
i=1
and o2 =Vary, [X;] = (1 — 6) /6%, and hence
n 1
X, —n;
55"

n((1-10)/6°)

n n(l—10)
ANNE

Zy = ~ Normal(0,1) = X ~ Normal ( ) , approximately.

2. Y, =max{Xjy,..., X,,}, so in the limit as n — oo we have the limit for fized y as

0 y <1
— n_.,n ’ ’
Rl = (Exwy = - { V5]

that is, a step function with single step of size 1 at y = 1. Hence the limiting random variable Y
is a discrete variable with P[Y = 1] = 1, that is, the limiting distribution is degenerate at 1. Also,
Zn =min{Xjy,..., X,,} so in the limit as n — co we have the limit for fized z as

n n 07 Soa
an(z>:1—{1—Fx(Z)} :1—<1—Z) —>{1 z>0
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that is, a step function with single step of size 1 at z = 0. Hence the limiting random variable Z is a
discrete variable with P [Z = 0] = 1, that is, the limiting distribution is degenerate at 0. Note here that
the limiting function is not a cdf as it is not right-continuous, but that the limiting distribution does
still exist - the familiar definition of convergence in distribution only refers to pointwise convergence at
points of continuity of the limit function, and here is limit function is not continuous at zero.

Note that these results are intuitively reasonable for, as the sample size gets increasingly large, we will
obtain a random variable arbitrarily close to each end of the range. Note also that these results describe
convergence in distribution, but also we have for 1 > & >0

PllY, -1 <e]=P[1-Y,<e]=P[1l-e<Y,]|=1-PlY,<1l—¢]=1-€e"—1

P[|Z, -0/ <e]l=P[Z,<e]=1-(1—-¢)" =1 as n — oo,

so we also have convergence in probability of Y, to 1 and of Z, to 0.

3. Z,=min{Xy,..., X}, so
. 1" 1
Fr()=1-{1-Fx())"=1-(1-(1-2]) =1-=, =>1,

and so, in the limit as n — oo we have the limit for fized z as

0, z <1,
FZ"(Z)%{ 1,  z>1,

that is, a step function with single step of size 1 at z = 1. Hence the limiting random variable Z is a
discrete variable with
PlZ=1]=1,

that is, the limiting distribution is degenerate at 1. Again, the limiting function is not a cdf as it is not
right continuous, but this does not affect our conclusion, as the limit function is not continuous at 1.

Now if U,, = Z]!, we have from first principles that, for v > 1,

1 1
_ _ n _ 1/n| _ 1 1=
Fy,(u) =P[U, <u] =P[2" gu]_P[anu ] ~ 1=l
which is a valid cdf, but which does not depend on n. Hence the limiting distribution of U, is precisely
1
FU(U):]'_*a u > 1.
U

For u < 1, Fy,(u) = 0 for all n, so clearly Fy,(u) — 0 for u in this range. Hence the limiting
distribution function is continuous at v = 1 (indeed, at all u).
4. Y, =max{Xy,.., X}, so

R = (xwY = (1505) « vER

and so, in the limit as n — oo, we have the limit for fized y as
Fy, (y) — 0, for all y.

Hence there is no limiting distribution.

If U, =Y, —logn, we have from first principles that, for u > —logn,

1 n
Fuy,(u) =P[Up <u] =P[Y, —logn <u] =P[Y, <u+logn] = Fy, (u+logn) = (H_ulogn> ;
€
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so that

n

1 —u\ "
Fy,(u)= | —— | = (1—1—6) —>eXp{—e_“}, as n — 0o,
e n
14+ —
n
which is a valid cdf. Hence the limiting distribution is
Fy(u)=exp{—e™}, u€cR.

5. Y, =max{Xy,.., X}, so

R =) = (125) « v>0,

and so, in the limit as n — oo, we have the limit for fized y as
Fy, (y) — 0, for all y.
Hence there is no limiting distribution.

Zn =min{Xjy, ..., X;,} so, in the limit as n — oo, we have the limit for fized z > 0 as

" LW oL [0 =<0
P =ty =1 (- () st e UL 25

that is, a step function with single step of size 1 at z = 0. Hence the limiting random variable Z is
a discrete variable with P[Z = 0] = 1: the limiting distribution is degenerate at 0. Again, the limiting
function is not a cdf as it not right continuous, but this does not affect our conclusion, as the limit
function is not continuous at 0.

If U, =Y, /n, we have from first principles that, for u > 0,

Fu,(u) = P[Un < u] = P[Ya/n < u] = PV, < nu] = Fy, (nu) = <%> ’

Un\8) = 1+ u) n\u eXp Au [ a8 = 00,

which is a valid cdf. Hence the limiting distribution is

so that

1
Fy(u) = exp{—)\u}, u > 0.

If V,, = nZ,, we have from first principles that, for u > 0,

Fy,(v)=P[V, <v]=P[nZ, <v]|=P[Z, <v/n|=Fz, (v/n)=1-

so that

A —n
Fvn(v):1—<1+:> —1—exp{—Xv}, asn— oo,

which is a valid cdf. Hence the limiting distribution is

Fy(v)=1—exp{—Xv}, v>0.
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Hence the limiting random variable V' ~ Exponential(\).

n

6. X; ~ Poisson(\), so ZXi ~ Poisson(nA) by mgfs and hence (by Q1 result) using the Central
=1

Limit Theorem, '

n
Z X, ~ Normal(nA,n)\) approximately,
i=1
and hence

X =

S|

n
A
Z X; ~ Normal <)\, ) approximately.
=1 n
Hence, for € > 0,

e —&

PlIX -\l <e]=P[A-e<X <A | —=| -2 — 1
sl <d=pp-ceTarrd~e ) a2 o
as n — oco. Hence, X converges in probability to X

X B

Now, if T}, = exp{—M,}, then for € > 0 we have

P [ T, —e_’\‘ < 5] =P [e_)‘ —e<T, < 6_)‘4-8} =P [—log(e_/\—i—&?) < M, < —log(e™ —5)}
and hence
“log(e — &) — A “log(e™ +e) — A
P [ T, — e*A‘ < 5] o losle” —¢) g losle" +e) S,
A/n A/n

as n — oo. Hence, T}, converges in probability to e .
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