WORKED EXAMPLES 4

1-1 MULTIVARIATE TRANSFORMATIONS

Given a collection of variables (X7, ...Xy) with range X*) and joint pdf fx, . x, we can construct the
pdf of a transformed set of variables (Y7, ...Yy) using the following steps:

1. Write down the set of transformation functions g, ..., gk

Yi = g1 (Xq,..., Xp)

Yk = 9k (Xh an)

2. Write down the set of inverse transformation functions g;° Lo 95 !

X1 = gl_l (Yl, ,Yk)

Xy =g.' (Y1,..., V%)

3. Consider the joint range of the new variables, Y(*).

4. Compute the Jacobian of the transformation: first form the matrix of partial derivatives

[ Ory Om O]
oy1 Oy Ok
Dy — 3y1 8y2 3yk
| Oy1 Oy Oyr |
where, for each (i, 7)
8Ii _ 8 -1
oy = By, {9 (W15 um) }

and then set |J (y1, ..., yx)| = |det Dy|

Note that
det D, = det Dg

so that an alternative but equivalent Jacobian calculation can be carried out by forming Dg . Note
also that

1
Ty o) = ———
’ (yl yk)’ ’J(.’I?l,,.%’k)‘

where J (x1, ..., xk) is the Jacobian of the transformation regarded in the reverse direction (that is,
if we start with (Y1, ...,Yy) and transform to (Xq, ..., X))

5. Write down the joint pdf of (¥7,...Yy) as
le,...,Yk (yla 7yk'> = le,...,Xk (91_1 (yh ayk’) ) "'79];1 (ylv 7y/€)) X |J (yl» ayk)|

for (y1,...,yx) € Y.



EXAMPLE 1 Suppose that X; and X5 have joint pdf
Ix1.%, (x1,22) = 2, 0<z) <29 < 1,

and zero otherwise. Compute the joint pdf of random variables

X1

Y = — Yy = Xo.
1 X, 2 2

SOLUTION

1. Given that X®) = {(z1,29) : 0 < 21 < 2o < 1} and

ty

gi(t1,t2) = - ga2(t1,t2) = ta.

2. Inverse transformations:

Y1 =X1/Xo o X1 ="Ys
YQIXQ XQZYé

and thus
g (t,te) = tita, gyt (ki t2) = to.

3. Range: to find Y@ consider point by point transformation from X to Y2 For a pair of points
(z1,22) € X®) and (y1,y2) € Y? linked via the transformation, we have

O0<z1 <2<l 0<yyy2<y2 <1
and hence we can extract the inequalities

O<yp<landO<y; <1 . Y®P=(0,1)%(0,1).

4. The Jacobian for points (y1,12) € Y? is found from

8371 8.171
oy Oya vz

) % % 0 1 ‘ (yl y2)| | € y| |y2’ Y2
Oy Oy2

Note that for points (z1,z2) € X?) is

o1 oy 1 @
dz1 O — = 1] 1
D= | % 9 | 3 a3 :>|J(m1,m2)]:|det,Dx|:‘—':—,
y2 Oy . 2| 2
6:1:1 a.%‘g
verifying that
1
J(y1,p2)| = ————.
) = )

5. Finally, we have

Iyiye (W1,92) = Fxi,x, (Y192, Y2) X y2 = 2ya, 0<y1 <1,0<y <1,

and zero otherwise.



EXAMPLE 2 Suppose that X; and X» are independent and identically distributed random
variables defined on RT each with pdf of the form

1

X
= _— — — 0
fx (@) onz P { 2 } ’ z >0

and zero otherwise. Compute the joint pdf of random variables Y; = X7 and Y5 = X; + Xo.
SOLUTION
1. Given that X®) = {(z1,22) : 0 < 21,0 < 25} and

g1(t1,t2) = t1, go(ti,t2) = t1 + to.

2. Inverse transformations:
Yi=Xy o X1="
Yo=X1+Xo Xo=Ys -V

and thus
gfl(tlﬂb) =11, 92_1(t17t2) =12 — 1.

3. Range: to find Y@ consider point by point transformation from X2 to Y2 For a pair of points
(z1,22) € X® and (y1,12) € Y? linked via the transformation, as both original variables are
strictly positive, we can extract the inequalities

0<y: <y2 <00

4. The Jacobian for points (y1,12) € Y? is found from

8$1 81‘1
oy Oyr 10
Dy = = J = |det D,| = [1] = 1.
v ey oy || Ly g | el = et Dy =11
Oy Oy2

Note, here, J (z1,22) = |det D,| = 1 also so that again

1
J (y1, =
| (yl yQ)‘ \J(l‘1,$2)\
5. Finally, we have for 0 < y; < y2 < o0,
My Wiy2) = fxix.(Wiye —y1) x 1= fx, (y1) X fx,(y2 — y1) by independence

- Var o {2 mm e {52
27y, 2 27 (y2 — y1) 2

1 1 { 312}
= —————exp{—,
27 \/y1 (y2 — 1) 2

and zero otherwise.



Here, for yo > 0,

y2 1 1 Yo
fva(y2) = /fY Y> (Y1, ¥2) dyr 2/ ——F——exp|{— (dy1
’ v 0 2™ \/y1(y2—w1) { 2 }

= ——exp

1 Yo y2 1
B
27 2) ) y1 (y2 — y1)

exp{_%}/\l 1
27 20 Jo /tys (y2 — tya)
1

- QWeXp{_%}/O ‘/t(i_t)dt

- el 3)
2 P S

as (by MAPLE, or further transformations)

yodt setting y1 = tyo
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