MATHEMATICS DEPARTMENT, IMPERIAL COLLEGE
PROBLEM SHEET 8 SOLUTIONS
LIMITS

1. (a) We apply I'Hopital’s rule

i —sin 2z -2
im = =—
z—m/a sec?r  (2/4/2)2

(b) Denominator not zero, so limit is 0.

(¢) I'Hopital’s rule
2@+ 1
o—2 L(23 —4)-1/2322 12’

(d) Let y = ((z+ 3)/x)" so that for z large enough we can write

3 3 9 9
Iny=In(l+-)=2(—-——+...) =3 — —+....
ny = In( +z) x(m 212 +-) 2x+

Therefore lim,, .o Iny = 3 and lim,_,oo y = 3.

2. (a) This limit is not any of the indeterminate forms. Therefore

lim (z-2)(z+2) -3 3
e—1(z—-3)(z+1) -4 4

(b) By I'Hopital’s rule

. 1—cosz . sinx cosT 1 1
lim ——— = lim 5
z—0 tan“x z—0 2tan x sec® x

= 1. = = —
720 2sech 7 + 2 tan x(d(sec2z)/dx) 240 2

(¢) Let y =2, then lny =xInz. Asxz — 0, Iny — 0 hence y — 1, i.e. lim,_o2® = 1.

(d)
.o/ —2x -2 . (V22 -2)(V-22+2)
lim —— = lim
e—=2  z+2 e—-2  (z+42)(vV/-2z+2)
lim —2x —4 lim -2 1
=1l = lim — = ——.
e—=2 (x4 2)(vV—-2x +2) 2—-2/-2x+2 2
3. (a)
. sin260 . sin 260 sin 260
lim = lim 2 =2 lim =
6—0 0 6—0 20 6—0 20
(b) o .
i GO S0 e =100,
6—0 0 -0 0 60
(c)

sin(6?) . sin(6?) . 0
600 Osinf o0 02 6—0sing




4. (a) Using |zsin(1/z)| < |x| we obtain lim,_q 2 sin(1/z) = 0.

(b) Using
B B x\/l—i—x—i—ﬁ_ 1
Vit —Ve=(1+z I)M+ﬁ_M+ﬁ
we obtain

lim (VIta—z)=0.

(¢) limy_.o sin(1l/z) = limy,_¢siny = 0.

(d) I'Hopital’s rule gives
z—1 . 1

im im ——
z—1zg" —1 z—1ngn1

=1/n.

(e) Using
2m 2...2...2 2 2 21 4

n nn—1--1 nn—-1 21" n
since every term between the first and the last term is < 1. Therefore we have
QTL

lim — =0.

(f) lim,_osin(1/z) does not exist as the function takes every value between —1 and 1
infinitely often on every interval containing 0.

5. (a) There is no indeterminate form here, so

. 2 —1 -1 1
lim ————— = — = =,
m—>0.’1,‘2+.’13—2 -2 2
(b) .
g &=t @D+l L (@l 2

s—1z2+x -2 a—1(z—1)(z+2) +-1(x+2) 3
(¢) Applying ’'Hépital’s rule,

. . . 1—sin(z) ) —cos () . 1 1
1 2 1— = 1 —_— 1 — 1 = —.
r—l>I7P/2 sec” (@)(1—sin(z)) y—lgl/z cos?(x) r—l>I7P/2 —2cos (z) sin (x) m—l>r71rl/2 2sin(z) 2

o xum)xz(ml)

and then we expand 4/1 + T% using the binomial theorem

(d) First,

4 2 2

L+ =1+

-2 + ...

4

Therefore

. 2 4 . 5 ( 2 2 . 2
lim « l1+—=-1)]=Ilimz*(——-—+...]=1lm (22— —=+...]) =2.
T — 00 1}2 T—00 ;L'2 :L'4 r—00 1‘2



6. (a)

n(z+1) . . 1 1

= = 1
om0+ sin (x) om0+ COS (x) om0+ (14+=x)cos(z) (1+0)cos(0)

(b) We rewrite (sin (z))* = e*6n2) 5o that

z In(sin z) lim__ 4+ «In(sinz)

iy o) = i ) o
but
In (sin () 6 —a?
lim zln(sinz) = lim ——— = lim = lim
z—0+ T—0+ < e—0t —x72 g0+ tan(x)
. —2z
= lim

o—0+ 1+ tan? (z) -
where we have applied I’'Hopital’s rule twice. Therefore

lim (sin (z))* = elMe—ot zIGine) — 0 — 7
z—0t

= — = 00.

1 1 2 2
hmg—l —=1 ﬁ:hm——o
T—00 /T T—00 NG r—o0 I T—00 A/
(d)
1 1 tan~! (z) — z T T 1
c—0+t \ & tan™"' (x) z—0+ xtan™' (z) a—0t tan™" (z) + 35 O0F
(e) We rewrite 25 ® = esn() (=) Then
lim xsinm = lim esin(:v) In(z) _ elimxHOJr sin(z) In(x)
z—0t z—0t
and
1 1 in?
lim sin (z)In(z) = lim nlx = lim L = lim _sin’(@)
z—0 g0t =~ g0t _cos@) .76+ gcos ()
sin(z) sin?(z)
— lim _sin(z) lim sin (x) __1.0=
z—0+ T 2—0+ cos(x)
Therefore,
lim xsinm — elimm—>0+ sin(z) In(z) _ eO =1
z—0t
(f) |
1
lim ern(:c)_ + m + lim — =0
z—oo I ln (;[;) z—o0 \ In (;c) T z—oo In (x) T—00 I



