MATHEMATICS DEPARTMENT, IMPERIAL COLLEGE
PROBLEM SHEET 7 SOLUTIONS
POWER SERIES

1. Let f(z) == =(1— z)”". We have
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where zq is between 0 and x. Therefore
f(0.1) =~ 1+0.1+0.1%2+0.1° = 1.111

In order to give an error bound, we need to evaluate R (0;0.1) with some xg € [0,0.1]. This error is bigger
when zg = 0.1, so the error bound is
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and
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for some xy between 0 and x. Then
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The error in the Taylor expansion is Ry = —mm‘*, where zg € [0,1]. Therefore, Ry is a function

bounded by
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Multiplying by % and taking integrals to this inequality,
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The greatest error possible is given by —% 01 x3dx, which is greater than — 4.124 fol x3dx in absolute value.
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(a) A series is convergent if the limit of partial sums S,, = a1 + - - - a,, exists and is finite.
(b) Use the integral test,
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with f: [z,00) — R given by f(x) = 1/z. Since
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the series diverges.
(c) By the comparison test, 21/\/5 is divergent because ﬁ > % for ever n > 2.

(d) Applying the ratio test we get
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(a) We have y” + zy = 0. Differentiating n times by Leibniz we have
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that reduces to
y " 2(0) + gV (0) =0 at z=0. (W)

(b) For n =1, (M) reads
y2(0) =y(0) =0 =y (0) = -1.

For n =2,
y@(0) +ny'(0) = 0 =y (0) = 0.
For n = 3,
y®(0) +3y"(0) =0 =y (0) = 0.
For n =4,
y©(0) = 4y (0) =0 = y©(0) = 4.
The only non-zero terms are y(0),4)(0),4()(0),... and so on. The Maclaurin series is
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From (#), we have 5™ (0) + (3n — 2)y©®"=2(0) = 0, y©®™(0)/y*"=3)(0) = —(3n — 2), and therefore
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By the ratio test, the series converges for any x.
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In order to establish the relationship for y(™*3)(0) from
y@ — 22y _ gy =0 (1)

we have to, first, differentiate (1) n + 1 times so that
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and, second, evaluate (2) at x = 0.
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By the Leibniz formula we have
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When z = 0, the only non-zero term here is
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provided n > 1 (otherwise all terms are zero). By the Leibniz formula again we have
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For z = 0, the only non-zero term is (n 4 1)y(™ (0). Hence
y"(0) = (n+1)%y™(0)

for n > 1.

From the statement, it easy to observe that y*)(0) = 0 and y®)(0) = y(0) = 0 by differentiating the
equation once. Therefore, we deduce that

y(3m) (0) =0 and y(3m+2)(0) = 0.

The series expansion of y (z) is then
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Applying the ratio test
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and the series converges for any x.
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Differentiating the equation we have
y@ +aty =0, y¥ +2y+ay =0 and Y+ 2 +day +2%y" =0,

In general, applying Leibniz’s rule,
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For n > 2 this reduces to
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For 2 = 0 we get y(0) = 1, ¥/(0) = 0, ¥ (0) = 0, ¥y (0) = 0, yY(0) = —2y(0) = —2. If n > 2, we

have
"2 (0) + n(n — 1)y (0) = 0.

The non-zero terms are y(9)(0), 5 (0),...,3*™(0),.. and so the Maclaurin series is
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By the ratio test
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Thus the series converges for any x.

f(z)= —%x(l — 23723 and  f(0)=0

F'() = —2 (@ + 3)(1 —a?)
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Note that (1 — 22)’ = —2z vanishes at x = 0, so
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Additionally,
(1= 22))(0) = 5n7™(0),
SO
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It follows that £ (0) = 0 if m is odd so
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The binomial expansion gives
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