POTENTIAL AUTOMORPHY AND CHANGE OF WEIGHT.
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ABSTRACT. We prove a new automorphy lifting theorem for I-adic representa-
tions where we impose a new condition at [, which we call ‘potential diagonaliz-
ability’. This result allows for ‘change of weight’ and seems to be substantially
more flexible than previous theorems along the same lines. We derive sev-
eral applications. For instance we show that any irreducible, odd, essentially
self-dual, regular, weakly compatible system of [-adic representations of the
absolute Galois group of a totally real field is potentially automorphic, and
hence is pure and its L-function has meromorphic continuation to the whole
complex plane and satisfies the expected functional equation.
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INTRODUCTION.

Suppose that F' and M are number fields, that S is a finite set of primes of F' and
that n is a positive integer. By a weakly compatible system of n-dimensional [-adic
representations of Gp defined over M and unramified outside S we shall mean a
family of continuous semi-simple representations

) - GF — GLn(M)\),

where A runs over the finite places of M, with the following properties.

e If v ¢ S is a finite place of F, then for all A not dividing the residue charac-
teristic of v, the representation r, is unramified at v and the characteristic
polynomial of 7y (Frob,) lies in M[X] and is independent of A.

e Each representation r) is de Rham at all places above the residue charac-
teristic of A, and in fact crystalline at any place v ¢ S which divides the
residue characteristic of A.

e For each embedding 7 : F < M the 7-Hodge-Tate numbers of r, are
independent of \.

In this paper we prove the following theorem (see Theorem [5.3.1)).

Theorem A. Let {ry} be a weakly compatible system of n-dimensional l-adic rep-
resentations of Gg defined over M and unramified outside S, where for simplicity
we assume that M contains the image of each embedding F — M. Suppose that
{rx} satisfies the following properties.

(1) (Irreducibility) Each ry is irreducible.

(2) (Regularity) For each embedding 7 : F — M the representation ry has n
distinct T-Hodge-Tate numbers.

(3) (Odd essential self-duality) F is totally real; and either each ry factors
through a map to GSp,(My) with a totally odd multiplier character; or
each ry factors through a map to GO,,(My) with a totally even multiplier
character. Moreover in either case the multiplier characters form a weakly
compatible system.

Then there is a finite, Galois, totally real extension over which all the ry’s become
automorphic. In particular for any embedding 1+ : M — C the partial L-function
L3({ry}, s) converges in some right half plane and has meromorphic continuation
to the whole complex plane.

This is not the first paper to prove potential automorphy results for compati-
ble systems of [-adic representations of dimension greater than 2, see for example
[HSBT10], [BLGHT09], [BLGG09]. However previous attempts only applied to
very specific, though well known, examples (e.g. symmetric powers of the Tate
modules of elliptic curves) and one had to exploit special properties of these exam-
ples. We believe this is the first general potential automorphy theorem in dimension
greater than 2, and we are hopeful that it can be applied to many examples. We
give an analogous theorem when F' is an imaginary CM field. Other than this we
do not see how to improve much on this theorem using current methods.

As one example application, suppose that /X is a finite set of positive integers such
that the 2#X possible partial sums of elements of C are all distinct. For each k € K
let fi be an elliptic modular newform of weight £+1 without complex multiplication.
Then the #/KC-fold tensor product of the l-adic representations associated to the
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fr is potentially automorphic and the #/-fold product L-function for the fj has
meromorphic continuation to the whole complex plane. (See Corollary )

The proof of Theorem [A] follows familiar lines. One works with r for one suit-
ably chosen A. One finds a motive X over some finite Galois totally real extension
F’/F which realizes the reduction 7y in its mod | cohomology and whose mod I’
cohomology is induced from a character. One tries to argue that by automorphic
induction the mod I’ cohomology is automorphic over F’, hence by an automorphy
lifting theorem the ’-adic cohomology is automorphic over F”, hence tautologically
the mod ! cohomology is automorphic over F’ and hence, finally, by another au-
tomorphy lifting theorem r) is automorphic over F’. To find X one uses a lemma
of Moret-Bailly [MB89], [GPRI5] and for this one needs a family of motives with
distinct Hodge numbers, which has large monodromy. Griffiths transversality tells
us that this will only be possible if the Hodge numbers of the motives are consecu-
tive (e.g 0,1,2,...,n — 1). Thus the l-adic cohomology of X may be automorphic
of a different weight (infinitesimal character) than r) and the second automorphy
lifting theorem needs to incorporate a ‘change of weight’. In addition it seems that
we can in general only expect to find X over an extension F'/F which is highly
ramified at [. Thus our second automorphy lifting theorem needs to work over a
base which is highly ramified at [. These two, related problems were the principal
difficulties we faced. The original higher dimensional automorphy lifting theorems
(see [CHTOS], [Tay08]) could handle neither of them. In the ordinary case one of
us (D.G.) proved an automorphy lifting theorem that uses Hida theory and some
new local calculations to handle both of these problems (see [Ger(9]). This has
had important applications, but its applicability is still severely limited because we
don’t know how to prove that many compatible systems of [-adic representations
are ordinary infinitely often.

The main innovation of this paper is a new automorphy lifting theorem that
handles both these problems in significant generality. One of our key ideas is to
introduce the the notion of a potentially crystalline representation p of the abso-
lute Galois group of a local field K being potentially diagonalizable: p is potentially
diagonalizable if there is a finite extension K’/K such that p|g,, lies on the same
irreducible component of the universal crystalline lifting ring of p|g,., (with fixed
Hodge-Tate numbers) as a sum of characters lifting p|g,,. (We remark that this
does not depend on the choice of integral model for p.) Ordinary crystalline rep-
resentations are potentially diagonalizable, as are crystalline representations in the
Fontaine-Laffaille range (i.e. over an absolutely unramified base and with Hodge-
Tate numbers in the range [0, — 2]). Potential diagonalizability is also preserved
under restriction to the absolute Galois group of a finite extension. In this sense
they behave better than ‘crystalline representations in the Fontaine-Laffaille range’
which require the ground field to be absolutely unramified. Finally ‘potentially
diagonalizable’ representations are perfectly suited to our method of proving auto-
morphy lifting theorems that allow for a change of weight. It seems to us to be a
very interesting question to clarify further the ubiquity of potential diagonalizabil-
ity. Could every crystalline representation be potentially diagonalizable? (We have
no reason to believe this, but we know of no counterexample.)

The following gives an indication of the sort of automorphy lifting theorems we
are able to prove. (See Theorem and also section for the definition of any
notation or terminology which may be unfamiliar.)
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Theorem B. Let F' be an imaginary CM field with maximal totally real subfield
F* and let ¢ denote the non-trivial element of Gal (F/F*). Let n denote a positive
integer. Suppose that I > 2(n + 1) is a prime such that F does not contain a
primitive I*" root of 1. Let

r:Gp — GL,(Q))

be a continuous irreducible representation and let T denote the semi-simplification
of the reduction of r. Also let
—X
w:Gp+r — Q
be a continuous character. Suppose that v and p enjoy the following properties:

(1) (Odd essential conjugate-self-duality) r¢ = rVy and p(c,) = —1 for
all v|oo.

(2) (Being unramified almost everywhere) r ramifies at only finitely many
primes.

(3) (Potential diagonalizability and regularity) r|c,. is potentially diag-
onalizable (and so in particular potentially crystalline) for all v|l and for
each embedding T : F — Qy it has n distinct T-Hodge-Tate numbers.

(4) (Irreducibility) The restriction T|G,,,,, is irreducible.

(5) (Residual ordinary automorphy) There is a RAECSDC automorphic
representation (mw,x) of GL,(AFr) such that

(Fv H) = (?171(77), Fl,l(X)gll_n)
and 7 is 1-ordinary.

Then (r, ) is automorphic.

Theorem [B| implies the following potential automorphy theorem for a single I-
adic representation, from which Theorem |A| can be deduced. (See Corollary

and Theorem )

Theorem C. Suppose that F is a totally real field. Let n be a positive integer and
let 1 >2(n+1) be a prime. Let

T GF — GLn(@l)

be a continuous representation. We will write 7 for the semi-simplification of the
reduction of r. Suppose that the following conditions are satisfied.

(1) (Being unramified almost everywhere) r is unramified at all but finitely
many primes.

(2) (Odd essential self-duality) Either r maps to GSp, with totally odd
multiplier or it maps to GO(n) with totally even multiplier.

(3) (Potential diagonalizability and regularity) r is potentially diagonal-
izable (and hence potentially crystalline) at each prime v of F' above l and
for each T : F < Q, it has n distinct T-Hodge-Tate numbers.

(4) (Irreducibility) 7|, is irreducible.

Then we can find a finite Galois totally real extension F'/F such that r|g,, is
automorphic. Moreover r is part of a weakly compatible system of l-adic representa-
tions. (In fact, v is part of a strictly pure compatible system in the sense of section

F1)
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This theorem has other applications besides Theorem [A] For instance we mention
the following irreducibility result (see Theorem [5.4.2)).

Theorem D. Suppose that F' is a CM or totally real field and that 7 is a regqular,
algebraic, essentially conjugate self-dual, cuspidal automorphic representation of
GL,(Ar). If moo has sufficiently reqular weight (‘extremely regular’ in the sense
of section , then for | in a set of rational primes of Dirichlet density 1 the
n-dimensional l-adic representations associated to m are irreducible.

To prove Theorem [B| we employ Harris’ tensor product trick (see [Har(9]), which
was first employed in connection with change of weight in [BLGG09]. However the
freedom that ‘potential diagonalizability’ gives us to make highly ramified base
changes in the non-ordinary case means that this method becomes more powerful.
More precisely, suppose that r is potentially diagonalizable, and that ry is a po-
tentially diagonalizable, automorphic lift of 7 (with possibly different Hodge-Tate
numbers to ). In fact making a finite soluble base change we can assume they are
diagonalizable, i.e. we can take K’ = K in the definition of potential diagonaliz-
ability. We choose a cyclic extension M/F of degree n in which each prime above
[ splits completely, and two characters 6 and 6y of Gj; such that

i é = 507

e the restriction of Ind gij& to an inertia group at a prime v|l realizes a
diagonal point on the same component of the universal crystalline lifting
ring of 7|a,, as rlap, ,

e and the restriction of Ind g; 0y to an inertia group at a prime v|l realizes
a diagonal point on the same component of the universal crystalline lifting
ring of 7|y, as rolay, -

Then rg ® Ind gi{@ is automorphic and has the same reduction as r ® Ind gi; 0.
Moreover the restrictions of these two representations to the decomposition group
at a prime v|l lie on the same component of the universal crystalline lifting ring
of (T ® Ind gfd 00)|Gy, - This is enough for the usual Taylor-Wiles-Kisin argument

to prove that r ® Ind gi g 6o is also automorphic, from which we can deduce (as in
[BLGHT09]) the automorphy of r.

Things are a little more complicated than this because it seems to be hard to
combine this with the ‘level changing’ argument in [Tay0§]. In addition a direct
argument imposes unwanted conditions on the Hodge-Tate numbers of r¢ and r.
So instead of going directly from the automorphy of ry to that of r we create two
ordinary lifts r; and ro of 7 (at least after a base change) where r1 has the same
local behaviour away from [ as rg; 72 has the same local behaviour away from [ as
r; and where the Hodge-Tate numbers of 1 and 79 are chosen suitably. Our new
arguments allow us to deduce the automorphy of r; from that of rq. D.G.’s results
in the ordinary case [Ger(9] allow us to deduce the automorphy of rs from that of
r1. Finally applying our new argument again allows us to deduce the automorphy
of r from the automorphy of r5. To construct r; and ro we use the method of Khare
and Wintenberger [KW09] based on potential automorphy (in the ordinary case,
where it is already available: see for example [BLGHT09]).

Along the way we also prove a general theorem about the existence of l-adic
lifts with prescribed local behaviour of a given mod ! Galois representation (see
Theorem [4.3.1). We deduce a rather general theorem about change of weight and
level (see Theorem of which a very particular instance is the following.
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Theorem E. Let n be a positive integer and let | > 2(n 4+ 1) be a prime. Fiz
1:Q, = C. Let F be a CM field such that all primes of F above | are unramified
over Q and split over the mazimal totally real subfield of F. Let m be a regular,
algebraic, essentially conjugate self-dual, cuspidal automorphic representation of
GL,(AF) satisfying the following conditions:

e 7 is unramified above I;

® Moo has wezght (a’T,i)TiF‘—>C, i=1,...,n withl —n —1 > Qr 1 > Qr 2 > 2
arn >0 for all 7;

e and the restriction to G,y of the mod I Galois representation Ty ,(m) as-
sociated to m and v is irreducible.

Note that in this case ar; + Qrent1—i = W 5 independent of T and . Suppose that
we are given a second weight (@) ;)r.-resc, i=1,..n withl —n—12>al; >al, >

- >ay, >0 for all 7, such that

® a ;+a,,. . ;=wis also independent of T and i,
e and for all places v|l of F the restriction 71,(7)|c,, has a lift which is
crystalline with 7-Hodge-Tate numbers {a;, ; +n —i}.

Then there is a second regular, algebraic, essentially conjugate self-dual, cuspidal
automorphic representation ' of GL,(AFr) giving rise (via 1) to the same mod 1
Galois representation (i.e. ‘congruent to m mod l’) such that 7' is also unramified
above I and T« has weight (a! ;).

We now explain the structure of the paper. In section [I] we collect some re-
sults about the deformation theory of Galois representations. These are mostly
now fairly standard results but we recall them to fix notations and in some cases
to make slight improvements. The main exception is the introduction of poten-
tial diagonalizability in section [I.4] which is new and of key importance for us.
In section [2| we fix some notations and we recall the existing automorphy lifting
theorems (or slight generalizations of them). Very little in this section is novel.
Between the writing of the first and second versions of this paper, Jack Thorne
[Thol0] has found optimal versions of these theorems which allow one to remove
the troublesome ‘bigness’ conditions from [CHTO§| and the papers that followed it.
Moreover Ana Caraiani [Carl(] has proved local-global compatibility in all [ # p
cases, as well as proving temperedness of all regular, algebraic, essentially conju-
gate self-dual cuspidal automorphic representations. We have taken advantage of
Ana’s and Jack’s works to optimize our own results. In section [3] we make use of
the automorphy lifting theorems from section [2] and the Dwork family to prove a
potential automorphy theorem (in the ordinary case) and a theorem about lifting
mod | Galois representations (again in the ordinary case). These arguments follow
those of [BLGHT09] and will not surprise an expert.

In section [@] we prove our main new theorems. Section [£.I] contains our main
new argument. In section [£.2] we combine this with the results of sections [2] and [3]
to obtain our optimal automorphy lifting theorem. In section we use the same
ideas to deduce an improved result about the existence of [-adic lifts of mod [ Galois
representations with specified local behaviour. Combining the results of sections
[4:2) and [£.3] we deduce in section [£.4] a general theorem about change of weight
and level for mod [ automorphic forms on GL,. Then in section [I.5] we use the
automorphy lifting theorem of section [4.2] and our potential automorphy theorem
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from section [3.3] to deduce our main new potential automorphy result for a single
l-adic representation.

In section |5 we turn to applications of our main results. In section [5.1| we recall
definitions connected to compatible systems of I-adic representations. In section [5.2
we prove some group theoretic lemmas about the images of compatible systems of -
adic representations. Then in section we deduce from the potential automorphy
theorem of section [L.5] our main theorem — a potential automorphy theorem for
compatible systems of [-adic representations. Finally in section [5.4] we give further
applications of our main results — applications to fitting an l-adic representation
into a compatible system and to the irreducibility of some [-adic representations
associated to cusp forms on GL(n).

We are grateful to Ana Caraiani and Jack Thorne for sharing with us early drafts
of their papers [Carl0] and [Thol0] respectively. Our paper was written at the same
time as [BLGGI0] and there was considerable cross fertilization. Our paper would
have been impossible without Harris” tensor product trick and it is a pleasure to
acknowledge our debt to him.

Notation. We write all matrix transposes on the left; so ‘A is the transpose of A.
Let gl,, denote the space of n x n matrices with the adjoint action of GL,, and let
g% denote the subspace of trace zero matrices. If R is a local ring we write mp for
the maximal ideal of R.

If T is a profinite group then I'*" will denote its maximal abelian quotient by a
closed subgroup. If p: I' = GL,(Q,) is a continuous homomorphism then we will
let p: I' — GL,(F;) denote the semi-simplification of its reduction, which is well
defined up to conjugacy.

If M is a field, we let M denote its algebraic closure and G, denote its absolute
Galois group. We will use ¢, to denote a primitive n*"-root of 1. Let ¢ denote
the l-adic cyclotomic character and €; its reduction modulo [. We will also let
wy : Gu — -1 C Z; denote the Teichmuller lift of €. If N/M is a separable
quadratic extension we will let d /s denote the non-trivial character of Gal (N/M).

If K is a finite extension of Q, for some p, we write K" for its maximal un-
ramified extension; Ik for the inertia subgroup of Gg; Frobx € Gk /Ix for the
geometric Frobenius; and W for the Weil group. We will write Art g : K> 5 Wab
for the Artin map normalized to send uniformizers to geometric Frobenius elements.
We will let reck be the local Langlands correspondence of [HTO01], so that if 7 is an
irreducible complex admissible representation of G L, (K), then reck (m) is a Weil-
Deligne representation of the Weil group Wx. We will write rec for recx when
the choice of K is clear. If (r, N) is a Weil-Deligne representation of Wy we will
write (r, N)¥' =55 for its Frobenius semisimplification. If p is a continuous represen-
tation of G over Q; with I # p then we will write WD(p) for the corresponding
Weil-Deligne representation of Wg. (See for instance section 1 of [TY07].) By
a Steinberg representation of GL,(K) we will mean a representation Sp (1) (in
the notation of section 1.3 of [HT01]) where ¢ is an unramified character of K*.
If K'/K is a finite extension and if 7 is an irreducible smooth representation of
GL, (K) we will write mg- for the base change of m to K’ which is characterized by
I‘eCK/(ﬂ'K/) = I‘eCK(’]T)|WK,.
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If p is a continuous de Rham representation of G over @p then we will write
WD(p) for the corresponding Weil-Deligne representation of W, and if 7 : K — @p
is a continuous embedding of fields then we will write HT . (p) for the multiset of
Hodge-Tate numbers of p with respect to 7. Thus HT,(p) is a multiset of dim p
integers. In fact if W is a de Rham representation of G'x over Q; and if 7 : AK - Q
then the multiset HT-(W) contains ¢ with multiplicity dimg (W ®- k K(i))%x.
Thus for example HT . (¢;) = {—1}.

If K =Ror Corif Kisa CM field, we will let ¢ denote complex conjugation,
a well defined automorphism of K. If K is a number field and v|oo is a place of K
we will write Art g, for the unique isomorphism K /(KX)® = Gal (K,/K,). If in
addition v is real then we will let [¢,] denote the conjugacy class in G consisting
of complex conjugations associated to v.

We will write || || for the continuous homomorphism

=111 - 47/Q* — R,

where each | |, has its usual normalization, i.e. |p|, = 1/p. If K/Q is a finite
extension we will write || |[x (or simply || ||) for [[Ng/,q ||. We will also write

Art e = [JArt g, : A /E(KX) =5 G2
v

If v is a finite place of K we will write k(v) for its residue field and Frob, for
Frobg,. If K'/K is a quadratic extension of number fields we will denote by d,
the nontrivial character of A} /K*Ng/xAy,. (We hope that this will cause no
confusion with the Galois character 6, k. One equals the composition of the other
with the Artin map for K.) If K’/K is a soluble, finite Galois extension and if 7 is
a cuspidal automorphic representation of GL,(Afx) we will write g for its base
change to K’, an automorphic representation of GL,,(Ak).
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1. DEFORMATIONS OF GALOIS REPRESENTATIONS.

1.1. The group G,.

We let G,, denote the semi-direct product of G0 = GL,, x GL; by the group {1, 7}

where

-1 1

)(g,a)7" = (a'g™",a).
We let v : G,, — GL; be the character which sends (g,a) to a and sends 3 to —1.
We will also let GSpa, C GLo, denote the symplectic similitude group defined by

the anti-symmetric matrix
_ 0o 1,
J2n — ( 71n 0 ) )

and we will again let v : GSpa, — GL; denote the multiplier character. Finally
let GO(n) denote the orthogonal similitude group defined by the symmetric matrix
1,.
There is a natural homomorphism
which sends both (j,1) and (1,3) to —1. Let (G, X Gn)T denote the kernel of this
map. There is a homomorphism
® : (gn X grn)Jr — gnm
(9.0) x (¢',a") — (9®g',ad)
JX 7 = g
There is also a homomorphism

I: gn — Gszn
0
(gaa) — g 1 >

0 alg~”
. 0o 1,
J L, 0 )

Suppose that I' is a group with a normal subgroup A of index 2 and that ~y €
I' — A. Suppose also that A is a ring and that r : T' = G,,(A) is a homomorphism
with A = r71G%(A). Write ¥ : A — GL,(A) for the composition of r|a with
projection to GL,,(A). Write r(v9) = (a, —(v o r)(70))s. Then

(10875 )a'7(8) = (vor)(d)a
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for all 6 € A, and
(%) a =~ or)(y0)a.

If r : T — GSpan(A) is a homomorphism with multiplier p, then it gives rise
to a homomorphism 7#a : I' = Ga,(A) which sends § € A to (r(4), 1(d)) and
yeTl —Ato (r(y)Js,, —1(7))3. Then A =7#,'GY (A) and v o #a = p. Similarly
ifr: ' - GO, (A) is a homomorphism with multiplier u, then it gives rise to a
homomorphism 7 : ' = G, (A) which sends § € A to (r(d),u(d)) and y € T — A
to (r(7), (7). Then A = 73G9, (A) and v o7a equals the product of y with the
nontrivial character of I'/A.

Ifr:T — G,(A) (vesp. 7" : T — G, (A)) is a homomorphism with r~1G2(A) = A
(resp. (r')71GY% (A) = A) then we define

I(ry=Tor:T — GSpa,(A)

and
rer =o(rxr):T — Gun(A).
Note that the multiplier of I(r) equals the multiplier of r and that the multiplier
of r ® ' differs from the product of the multipliers of r and ' by the non-trivial
character of I'/A.
Ifxy:A— A% and p: T — A* satisfy

e XX = pfa, and

o x(08) = —n();:
(i.e. the composition of y with the transfer map I'*? — A#P equals the product of
u and the non-trivial character of I'/A), then there is a homomorphism

OGu): T — Gi(A)
6 > (x(6),1(0))
v o= (v D) =),

forall 6 € A and vy € ' — A. We have v o (x, 1) = p.

In the case that I' = Gp+ and A = Gr where F' is a CM field with maximal
totally real subfield F'T, we call r : Gp+ — G, (A) (resp. GSpan(A), resp. GO, (A))
odd if the multiplier character takes every complex conjugation to —1 (resp. —1,
resp. 1). Note that if r is odd so is I(r) (resp. 7a, resp. 7a).

Suppose now that A is a field, that r : A — GL,(A) is absolutely irreducible,
and that p: ' — A* is a character so that

7 2V @ pla.
More precisely if v € I' — A there is a b, € GL,(A), unique up to scalar multiples,
such that

r(76y7)by r(8) = p(6)dy
for all § € A. Computing r(726v~2) in two ways and using the absolute irreducibil-
ity of r, we deduce that r(vy?) is a scalar multiple of b,ytb,;l. Substituting § = 42 in
the last displayed equation, we then deduce that
7(7%) by = £p(7)bs.

One can check that the sign in the above equation is independent of v € T' — A

and we will denote it —sgn (r, ). (To see this one uses the fact that one can take
bsy =r(6)by for § € A and v € I' — A.) Then we get a homomorphism

7: T — G,(A)
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which sends § € A to (r(8), () and sends vy to (by,, —sgn (r, u)(70))s. In
particular if sgn (7, ) = 1 then v o 7 = u, while if sgn (r, ) = —1 then p=(vo7)
is the non-trivial character of I'/A. Moreover 7 = r.

1.2. Abstract deformation theory. Fix a rational prime [ and let O denote the
ring of integers of a finite extension L of Q; in Q;. Let A denote the maximal ideal
of O and let F = O/\. Let I' denote a topologically finitely generated profinite
group and let 5 : I' = GL,(F) be a continuous homomorphism.
We will denote by
p7:T = GL,(Rg5)
the universal lifting of p to a complete noetherian local O-algebra with residue field
F. (We impose no equivalence condition on lifts other than equality.) We will write

RﬁD ®Q
for R%ﬁ@o@l- Note that if O C O are two such rings of integers then R(Dg’ﬁ®o o=
RD/@ and so, as the notation suggests, the ring R%' ® Q; does not depend on the
choice of ring of integers O.

The maximal ideals are dense in Spec Rgﬁ[l/l]. A prime ideal p of R(Dg’ﬁ[l/l]
is maximal if and only if the residue field k(p) = Rg’ﬁ[l/l]p/p is (topologically
isomorphic to) a finite extension of L. (See for instance Lemma 2.6 of [Tay08].
For the ‘if’ part note that the image of Raﬁ in k(p) is a compact O-submodule of
k(p) with field of fractions k(gp). Thus R%ﬁ[l/l] — k(p).) We get a continuous
representation p, : I' = GL,(k(p)). The formal completion R%ﬁ[l/l]g is the
universal lifting ring for p,,, i.e. if A is an Artinian local k(gp)-algebra with residue
field k(p) and if p : I' - GL,(A) is a continuous representation lifting p,,, then
there is a unique continuous map of k(p)-algebras Rgﬁ[l/l]g — A so that pU
pushes forward to p. (Let R denote the image of Rg’p in A/ma. Let A% denote the
R-subalgebra of A generated by the matrix entries of the image of p. Then A° is
a complete noetherian local O-algebra with residue field F and p : I' — G L, (A°).
The assertion follows easily.) In particular, if H*(T,ad p,,) = (0) then R%yﬁ[l/l] is
formally smooth at p of dimension

dimy(,) Z' (T, ad p,) = n” + dimy,,) H' (T, ad py,) — dimy,(,) H°(T, ad py,)

(where we use continuous cohomology). (We learned these observations from Mark
Kisin.)

Lemma 1.2.1. Let H denote the subgroup of GLn(R(DQ’ﬁ) consisting of elements
which reduce modulo the mazimal ideal to an element that centralizes the image of
p. Then H acts naturally on Rg’ﬁ on the right. This action fizes each irreducible

component of Spec R(Dgﬁ[l/l}.

Proof. The action of h € H is via the map R(Dgﬁ — R%ﬁﬁ along which the universal
lifting p"™v pushes forward to hp""Vh~!,

Suppose that h € H and that O’ is the ring of integers of a finite extension of
L in Q;, with maximal ideal ). Suppose that p : I' — GL,(O’) lifts 5. Then
hph~! also lifts p. (We are using h both for an element of GLn(R(DQ’p) and for
its image in GL,(O’) under the map R%’ﬁ — O induced by p.) Let O'(s,t)
denote the algebra of power series over O with coefficients tending to zero. Set



12 THOMAS BARNET-LAMB, TOBY GEE, DAVID GERAGHTY, AND RICHARD TAYLOR

A = O'{(s,t)/(sdet(tl, + (1 —t)h) — 1), a complete topological domain with the
M-adic topology. We have a continuous representation

p=(tl, + (1 —=th)p(tl, + (1 —t)h)"' : T — GL,(A).

Let A® denote the closed subalgebra of A generated by the the matrix entries of
elements of the image of p and give it the subspace topology. Then
p:T — GL, (A%,

and pmod )\ = p, and p pushes forward to p (resp. hph~!) under the continuous
homomorphism A° — O’ induced by t + 1 (resp. t +— 0). We will show that A° is
a complete, noetherian local O-algebra with residue field F. It will follow that there
is a natural map R%ﬁ — A° through which the maps R(Dg)ﬁ — @’ corresponding to
p and hph~! both factor. As A° is a domain (being a sub-ring of A) we conclude
that the points corresponding to p and hph~! lie on the same irreducible component
of Spec Raﬁ[l /l]. As any irreducible component contains an O’-point which lies
on no other irreducible component for some O as above (because such points are
Zariski dense in Spec ngﬁ[l /1]), we see that the lemma follows.

It remains to show that A® is a complete, noetherian, local O-algebra with
residue field F. Let 1, ...,, denote topological generators of I'. Write

p(i) = ai + bi,
where a; € GL,(O) lifts p(v;) and where b; € M,,«, (N A). Then A° is the closure

of the O-subalgebra of A generated by the entries of the b;. As these entries are
topologically nilpotent in A we get a continuous O-algebra homomorphism

Ol[Xijlli=1,....r; jk=1,... > A

which sends X, to the (j, k)-entry of b;. Let J denote the kernel. As O[[X,;x]]/J is
compact (and A is Hausdorff) this map is a topological isomorphism of O[[X;;x]]/J
with its image in A and this image is closed. Thus the image is just A° and we have
O[[Xi;k]]/J = A®, so that A is indeed a complete, noetherian, local O-algebra with
residue field F. O

Now suppose that
7: T — G, (F)
is a continuous homomorphism such that 7 is absolutely irreducible and T' — G,, /GP.
Let A denote the kernel of ' — G,,/G%. Then there is a universal deformation

runiv T — gn( 1(1;1;)
to a complete noetherian local O-algebra with residue field IF, where now we consider

two liftings as equivalent deformations if they are conjugate. (See section 2.2 of
[CHTO8].)

Lemma 1.2.2. (1) Suppose that ¥ C T' has finite index, that 3 is not con-
tained in A and that ?|Amg s absolutely irreducible. Then the natural map
%m?‘iz — ”O“‘FV induced by "™V s makes R“O‘ji?V a finitely generated “O“‘FTZ—
module.
(2) Suppose that s : T' — G, (O) is a continuous homomorphism such that
A = 571G% (0) and 5 @7 is absolutely irreducible. Then the natural map
uof;‘ég — ‘(‘9“1?" induced by ™ ® s makes R‘gfi?" a finitely generated

G s-module.
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(3) Suppose I(T) is absolutely irreducible and that X is another open subgroup
of index two in T' which does not contain ker I(F). Then the natural map

R“Onilv(/:) — R‘”‘“’ induced by I(r'iv)y, makes R“m" a finitely generated

LT

unix\E
0,1(T)x

Proof. This is essentially Lemma 3.2.1 of [BLGGI0]. Write R for R‘g”ﬁz resp.

‘g)m‘é resp. R'™Y_  and write m for the maximal ideal of R. In each case we
res 0,1(T)s

can check that the image of I' in gn(R‘”“V /mRu““’) is finite. Let m denote the
order of this image, and let v1,...,7n € T be chosen so that their images in
Gn(REY /mRELY) exhaust the image of I'. Let

= I @G+ +G)) R
(Cla-w(n)eﬂm(?)"
and let A denote the maximal quotient of F[X; ;]; j=1 ., over which the m
power of the matrix (X; ;) is 1,. If p is a prime ideal of A then all the roots of
the characteristic polynomial of (X; ;) over A,,/p are m‘" roots of unity and hence
f(tr(X;;)) = 0in A/p C A,/p. Thus there is a positive integer a such that
f(tr (X;,;))* =0in A. Then we get a map

]F[TlaaTm]/(f(Tl)a7,f(Tm)a) — unlv/mRumV
T, s trF(y,).

-module.

th_

By Lemma 2.1.12 of [CHTOS8] we see that this map has dense image. On the other
hand the source has finite cardinality. We conclude that the map is surjective and
that R‘““V / ngﬁF" is finite over F. Hence by Nakayama’s Lemma we conclude that

that R“T}V is finite over R, as desired. O
1.3. Local theory: [ # p.

Continue to fix a rational prime [ and let O denote the ring of integers of a finite
extension L of Q; in Q;. Let \ denote the maximal ideal of O and let F = O/\.
However in this section we specialize our discussion to the case I' = G g, where
K/Q, is a finite extension and p # I. Thus p: Gx — GL,(F) is continuous. Write
q for the order of the residue field of K.

In this case the local Euler characteristic formula tells us that the tangent space
to R(Dg,ﬁ[l/l] at a maximal ideal p has dimension n? 4 dimy,,) H*(G,ad p,). Note
also that by local duality dimy,) H?*(Gk,adp,) = dimy,) H°(Gk, (ad py,)(1)).
The closed points ¢ of Spec R@ ;[1/1] with H(G, (ad p,,)(1)) = (0) are Zariski

dense (Theorem 2.1.6 of [Geel0], or see [Cho09]) and so all components of R(Dg, 11/1]

have dimension n? and are generically formally smooth. We will need a slight

strengthening of this. We will call a continuous representation p : G — GL,(Q;)
robustly smooth (resp. smooth) if H(G -, (ad p,,)(1)) = (0) for all finite extensions
K'/K (resp. for K/ = K). We will show below that the set of closed points of
Spec jo[l /1] which are robustly smooth are also Zariski dense.

Define a partial order on L™ by a > b if a equals o/(b)Cq™ where o € Gal (L/L),
where ( is a root of unity and where m € Z>o. We will write a ~ b if @ > b and
b > a; and we will write a ~ bif a > bor b > a. Further we will write a > b fora > b
but a % b. Choose ¢ € Wi a lift of Frobg. If V is a finite dimensional L-vector
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space with an action of Wy with open kernel and if a € L™ then we define V((a))
(resp. V(a)) to be the L-subspaces of V' such that V((a))®r L (resp. V(a)®p L) is
the sum of the b-generalized eigenspaces of ¢ in V' as b runs over all elements of s
with @ = b (resp. a ~ b). This is independent of the choice of ¢. (If ¢’ is another
choice then the actions of ¢ and (¢')™ on V are equal for some m € Z~.) Thus
V(a) and V((a)) are Wg-invariant. We have decompositions

V=P Va)

-—X
where a runs over L~ / =, and

V=V()

where a runs over fx/ ~. We will say that V has type a if V =V ((a)).

Lemma 1.3.1. Suppose that (r, N) is a Weil-Deligne representation of Wi on a
finite dimensional L-vector space V.. Then we can write

where

u S

v=-DDv

i=1 j=1

Vij 1s tnvariant under Ik ;

N:V; 5 Vi,j+1 unless j = s; in which case NV, 5, = (0);

WgkVij CVij @@;,_:11 @D, Vir,j and so we get an induced action of Wi on
‘/;,j; ) )

the action of Wi on (Vi; & @L_, D, Vir i) (@5 D, Vi jr) is irre-
ducible;

o Vi, has type a;q* =7 for some a; € @IX ;
e and if i’ <i then a; # ay.

Proof. We may suppose that V' = V(b) for some b (because N must take any V()
to itself). We will construct the V;; by recursion on i. Suppose that we have

constructed V; ; for ¢ < t. Choose a; € L™ such that

VIV | (@)% 0)

and such that if @ > a; then

VIV | (@)= 0

Also choose an irreducible Wx-submodule

Vo (VD] (@)
i=1

and choose s; minimal such that N**V,; = (0). Lift V;; to an Ix-submodule
VP € V((ar)). Then N>V C @f;i @D, Vij. For each i <t choose j; € Zs,
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such that a;q=% ~ a;q*~7i. (To see that j; > s; we are using the fact that for i <t
we have a; > a;.) Then

N*VE c P Vi

i<t
Thus if v € V,’; we can write
Ny = Z N¥ty;
i<t
for unique elements v; € V; j,—s,. Set V; 1 to be the set of
v — Z V;.
i<t

We see that V;1 C V((a;)) is a Q;-sub-vector space lifting V1, which is If-
invariant and satisfies N*tV; 1 = (0). Set V; ; = N77'V; ;. It is not hard to see that
these V; ; have all the desired properties. [

We remark that if we define an increasing filtration on V' by

Fil,V =P PV,

i'<i j
then
u
VETss > @griV.
i=1
Lemma 1.3.2. (1) Suppose p : G — GL,(Q,) is a continuous representa-

tion; that v : Q, = C and that m is an irreducible smooth representation
of GL,(K) over C with tWD(p)F'=% = reck (n). If 7 is generic then p is
smooth.

(2) The closed points of p in Spec Raﬁ[l/l] for which pg, is robustly smooth are
Zariski dense.

Proof. For the first part write m = Sp, (m1) 8- --BSp,, (7;) for some supercuspidal
representations 7; of GL,,(K) and positive integers s;,n; with > s;n; = n. (We
are using the notation of [HT01].) Then p has a filtration with graded pieces p;
satisfying WD (p;)" ™ = reck (Sp,, (;)), possibly after reordering the i’s. Thus
(ad p)(1) has a filtration with graded pieces Hom (p;, p;(1)). If this had non-zero
invariants, then m; = 7; ® | det |™ for some max{1l,1+ s; — s;} < m < s;. Thus
(m;,8;) and (mj, s;) are linked contradicting the fact that 7 is generic (see page 36
of [HTOI]).

For the second part suppose that @ is a closed point of Spec R%ﬁ[l/l]. Set O’

equal to the image of R%yﬁ inL = R(Dgyp[l/l]/p and let A’ denote the maximal ideal
of O'. By Lemma we can find a decomposition (L')” = @;_, V; such that

e for each i the sub-space V; is invariant under Ix;

e for each i the sub-space Fil;V = @E,:l Vs is invariant under G;

e and for each i we have WD(gr;V') = Sp . (W;), where W; has some type
;.
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(By Sp (W) we mean the Weil-Deligne representation of Wy whose underlying
representation of Wy is W@ W (1)@--- W (s—1) and where N : W (i) = W (i+1)
for i =0,...,8 —2.) Choose M € Z~ so that

@((O/)n N V;) 5 (lM—IO/)n.
i=1
Let
A € ker(GL,(O'[[X1,...,X.]]) — GL,(F))
be the unique element which preserves each (V; N (O)") @ O'[[X1, ..., X,]] and

acts on it by multiplication by (1 + (™ X;). Note that A commutes with p,,(If).
Then there is a unique continuous representation

p: Gkg — GLn(O/HXh s 7XUH)

such that plr, = pplre ®or O'[[X1, ..., X,]] and such that for any lift ¢ of Frobg
to Wk we have p(¢) = p,(¢)A. Then p is a lift of p. If x € (X)* write p, for
pmod (X1 —21,...,Xy, — ). Note that pg = p,. We will show that for (Zariski)
generic x that p, is robustly smooth and the second part of the lemma will follow.
(Note that if 0 # f € O'[[ X1, ..., Xu]] then f can not vanish on all of (\)*.)

Ifye (O)*let vy : Gx/Ix — (O')* be the unramified character taking Frobg
to y. Then (ad p,)(1) has a filtration with graded pieces

Hom (V;, ‘/j(V(1+lA/IiE_j)/q(1+lM$i)))'
Note that if ¢ = j then
HOm GK’ (‘/27 Vi(”l/q)) = (0)
for any finite K’ /K, because
HOHI Wger (Wz; Wi(Vl/qj )) = (0)

for j =1,...,5;+ 1 (because, in turn, W; and W;(vy,4;) will have different types).
So it remains to show that for general x we will also have
Hom g, ., (Vi, Vi(Va41Ma,) jq141M2,))) = (0)

for all ¢ # j and all finite K'/K. Let ¢ € Wi denote a Frobenius lift and let L”
denote the compositum of all extensions of L’ of degree less than or equal to n.
Then L”/L’ is finite. It will do to choose (x;) € (N)" so that if i # j and if «
(resp. B) is an eigenvalue of ¢ on V; (resp. V;) and if ¢ is a root of unity then
qa¢(14+1Ma;) # B(1+1Mx;). However if such an equality were to hold then ¢ € L.
As L" contains only finitely many roots of unity, the z;’s need only satisfy finitely
many inequalities, as desired. ]

(This gives a third proof that Rgﬁ[l /1] is generically formally smooth of dimen-
sion n2, which seems to be different from those in [Geel0] and [Cho09].)
Suppose that C is a set of irreducible components of Spec R%vﬁ[l /1] and let R%EC

denote the maximal quotient of R(Dg which is reduced, [-torsion free and has

Y
Spec R(I;‘),F,C[l /1] supported on the components in C. Also let D¢ denote the set of
liftings of p to complete local noetherian O-algebras R with residue field F such
that the induced map Rg,ﬁ — R factors through R(Dg,ﬁ,c. By Lemma above
and Lemma 3.2 of [BLGHT09] we see that D¢ is a deformation problem in the sense

of Definition 2.2.2 of [CHTOS].
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If K'/K is finite and Galois we will let Rg@ K'—ny denote the maximal quo-

tient of Rg,ﬁ over which pP(Ig/) = {1,,}. Then R%’E’K,_nr[l/l] is formally smooth
of dimension n?. (One again identifies the formal completions at closed points
as universal deformation rings and uses the fact that H*(G/Ix, W) = (0) for
any finite dimensional L-vector space W with continuous G /Ik-action.) Thus

R%EK,_m[l/l] = R%@C;(um [1/1] for some finite set of components Cgs_p, of

Spec Rg,ﬁ. Let Cpnr denote the union of Cx/_y, over all finite Galois extensions

K'/K and set R%,ﬁ,p.m = R%,ﬁ,cp,m- A Q;-point of Rg’ﬁ factors through R(Do,p,p.nr

if and only if it is potentially unramified. The ring R(Do,z,p_m is formally smooth of
dimension n?2.
For:=1,2, let

pi Gg —> GLn(O@l)
be a continuous representation. We say that p; connects to pa, which we denote
p1 ~ pa, if and only if
e the reduction p; = p; mod mg, is equivalent to the reduction py = p2 mod
mg, and
e p; and po define points on a common irreducible component of Spec (RED1 ®

Q)-
We say that p; strongly connects to ps, which we write p1 ~> pa, if p1 ~ po and p;
lies on a unique irreducible component of Spec (RpD1 ® Q).
We make the following remarks.

(1) By Lemma the relations p; ~ py and p; ~» ps do not depend on the
equivalence chosen between the reductions p; and p,, nor on the GLn(O@Z )-
conjugacy class of p; or ps.

) ‘Connects’ is a symmetric relationship, but ‘strongly connects’ may not be.
(3) ‘Strongly connects’ is a transitive relationship, whereas ‘connects’ may not
be.

If p1 ~ p2 and pa ~ p3 then p1 ~ p3.

If p1 ~ p2 and H°(Gk, (ad p1)(1)) = (0) then p; ~ po.

Write WD(p;) = (ri, N;). If p1 ~ po then ri|r,, = ra|r. If p1 ~ p2 and

P2 ~ P1 then (rl‘IKle) = (TQ‘IK,NQ). (See [ChOOQJ)

) If p1 and py are unramified and have the same reduction then p; ~ ps.

) If K'/K is a finite extension and p; ~ p then p1lq,., ~ p2|a,. -

) If p1 ~ pg and p ~ p then py @ py ~ p2 ® py and p1 @ p} ~ pa @ ph and

py ~ p3.

(10) If p : G — @ZX is a continuous character and if p; ~ py then pY ~~ py

and p1 @ p ~ pa @ p.
(11) If g : Gg — @lx is a continuous unramified character with 7 = 1 then
p1~ p1 @ W ,

(12) Suppose that p; is semisimple and let Fil* be an invariant decreasing fil-

tration on p; by (’)@l—direct summands, then p; ~ @, grips.

N N TN
S O s
NN N’

0

(
(
(9

[We sketch the proof of the last of these assertions. We may suppose that L is
chosen large enough that p; : Gx — GL,(O) and that Fil® is defined over L. Then
we may choose a basis {e; ;} of O™ such that

e for each i the set {e; j : i >4’} is a basis of Fil‘O™;



18 THOMAS BARNET-LAMB, TOBY GEE, DAVID GERAGHTY, AND RICHARD TAYLOR

e and for each i the set {e; ;} (with only j varying) spans a Gk submodule
of F™.
(Use reverse induction on 4.) Let O(t) denote the algebra of power series over O
with coefficients tending to 0, so that O(t) is complete in the l-adic topology. Let h
denote the element of M, ., (O(t)) such that he; ; = t'e; ; for all i and j. Consider
the continuous representation

p=nhpith™': G — GL,(O()).

Let A° denote the closed subalgebra of O(t) generated by the matrix entires of the
image of p. As in the proof of Lemma we see that A° is a complete, noetherian
local O-algebra with residue field F and that there is a continuous homomorphism

Rg»ﬁl — AY under which the universal lifting of p; pushes forward to p. Under the

map A° — O which sends ¢ to 1, we see that p pushes forward to p;. Under the
map A° — O which sends ¢ to 0, we see that p pushes forward to @D, eripi. As A0
is a domain, the claim follows.]

Important convention: Suppose that F' is a global field and that r : Gp —
GL,(Q,) is a continuous representation with irreducible reduction 7. In this case
there is a model 7° : Gp — GLn(Og)) of r, which is unique up to GL,(Og )-
conjugation. If v[p is a place of F' we write r|g,, ~ p2 (resp. 7|g., ~ p2, resp.
p1 ~ 7|y, ) to mean r°| g, ~ pa (resp. r°|gy, ~ p2, 1esp. p1 ~ 1%\ Gp, )

1.4. Local theory: [ = p.

Continue to fix a rational prime [ and let O denote the ring of integers of a finite
extension L of Q; in Q;. Let A\ denote the maximal ideal of O and let F = O/\.
However in this section we specialize our discussion to the case I' = Gk, where
K/Q is a finite extension. Thus p : Gx — GL,(F) is continuous. We will assume
that the image of each continuous embedding K < L is contained in L. Let {H,} be
a collection of n element multisets of integers parametrized by 7 € Hom g, (K, Q;).

We call a continuous representation p : G — GL,(Q,) ordinary if the following
conditions are satisfied:

e there is a G-invariant decreasing filtration Fil* on @; such that for i =
1,...,n the graded piece gr i@? is one dimensional and Gk acts on it by a
character y;;

e and there are integers b, ; € Z for 7 € Homq,(K,Q;) and i = 1,...,n and
an open subgroup U C K* such that

— (xioArt i)l () = [, kg, (Ta)*

—and by <bro<--- <byp forall 7.
We will call p ss-ordinary if we may take U = O in the above definition. We
will call p cr-ordinary if it is ordinary and crystalline (in which case it is also ss-
ordinary). If p is ordinary (resp. ss-ordinary) then it is de Rham (resp. semi-stable)
and

HT,(p) = {-br1,...,—brn}.

If p is ss-ordinary and if for each 7 there exists a 7 such that b, ; +1 < b, ;41 then
p is cr-ordinary. (See Propositions 1.24, 1.26 and 1.28 of [Nek93| or Lemma 3.1.4
of [GG0Y].)

Let K'/K denote a finite extension. The universal lifting ring R%ﬁ has various
important quotients R(DQ@ (H 3o which are uniquely characterized by requiring that
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they are reduced without [-torsion and that a Q;-point of R(Dgﬁ factors through

Rgﬁ{HT} . if and only if it corresponds to a representation p : Gx — GL,(Q))

which is de Rham with Hodge-Tate numbers HT, (p) = H, for all 7 : K — Q; and
which has a further specified property P.. We will consider the following instances
of this construction:

* = cris and P, is ‘crystalline’;

x = ss and P, is ‘semi-stable’;

* = K’ — cris and P, is ‘crystalline after restriction to G/’
x = K' —ss and P, is ‘semi-stable after restriction to Gx+’;
* = cr-ord and P, is ‘cr-ordinary’;

* = ss-ord and P, is ‘ss-ordinary’.

We will write R%' (o y @ Q, for Rg@ (H,},x @O Q. This definition is independent
of the choice of O.

If H, has n distinct elements for each 7 then each ring R% SAH b is either zero
or equidimensional of dimension

1+n?+[K:Qln(n—1)/2.

If K” > K’ then SpecR(DQ@{HT})K_Cris (resp. Spec Rg,ﬁ,{HT})K,fss) is a union
of irreducible components of Spec R(D’J,ﬁ,{HT},K”—cris (resp. Spec R8757{HT}’K,,_SS).
Each of the schemes Spec R(DQ,E,{H.,},cris[l/” and Spec R(DD,E,{HT},K’—cris[l/l] and
Spec R(DO,ﬁ,{H,},cr-ord[l/l] are formally smooth. Finally if p is trivial then the scheme
Spec R(DQ,E (H, }cr-or q11/1] is geometrically irreducible. (In the cases * = cris, ss, K’ —
cris, K’ — ss this all follows from [KisO§]. In the case * = cr-ord,ss-ord it follows
from Lemmas 3.3.3 and 3.4.3 of [Ger09].)

Choose a finite set C of irreducible components of lim_, g Spec Rg@ (H} K —ss®
Let R(g),p,c denote the maximal quotient of of R(Dg’ﬁ’ (HL K/ —ss which is reduced,
[-torsion free and has Spec ng supported on the components in C, for K’ chosen
sufficiently large. This is independent of the choice of K’ (as long as K is sufficiently
large). Also let D¢ denote the set of liftings of p to complete local noetherian O-
algebras R with residue field F such that the induced map Rg)ﬁ — R factors through
R(Dg_ﬁ,c. Again we see that D¢ is a deformation problem in the sense of definition
2.2.2 of [CHTOS].

If p1 and py are continuous representations Gg — GLn((’)@l) are continuous
representations, we say that p; connects to ps, which we denote p; ~ po, if and
only if

e the reduction p; = p; mod mg, is equivalent to the reduction py = p2 mod
mg,

e p; and po are both potentially crystalline;

e for each continuous 7 : K < Q; we have HT,(p1) = HT,(ps);

e and p; and py define points on the same irreducible component of the
scheme Spec (R%’{Iﬂy(m)}’K,_CriS ®Q,) for some (and hence all) sufficiently
large K.

We make the following remarks.
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(1) By the proof of lemma we see that the relation p; ~ po does not
depend on the equivalence chosen between the reductions p; and p,, nor
on the GLn(O@l)—conjugacy class of p; or ps.

(2) ‘Connects’ is an equivalence relation. (Because Rg@’ (H. }.cr-ora [1/1] s for-
mally smooth.)

(3) If p1 ~ pa then WD(p1)|r, = WD(p2)|r, - (See [Kis08].)

(4) If K'/K is a finite extension and p; ~ pz then pi|a,., ~ p2|a,. -

(5) If p1 ~ p2 and py ~ p then p1 & py ~ p2 & p and p1 ® py ~ p2 ® py and
py ~ p3.

6) If u: G — @lx is a continuous unramified character with @ = 1 and p; is
potentially crystalline then p; ~ p1 ® p.

(7) Suppose that p; is potentially crystalline and that p; is semisimple. Let
Fil® be an invariant filtration on p; by O@l direct summands, then p; ~
€, gr’p1. (This is proved in the same way as remark [12] of the previous
section.)

We will call a representation p : Gxg — GL,L(O@Z) diagonalizable if it is crys-
talline and connects to some representation x; @ -+ @® x, with x; : Gg — 061
crystalline characters. We will call a representation p : Gx — GLn((’)@l) potentially
diagonalizable if there is a finite extension K'/K such that p|g,., is diagonalizable.
Note that if K”/K is a finite extension and p is diagonalizable (resp. potentially
diagonalizable) then p|g, ., is diagonalizable (resp. potentially diagonalizable). It
seems to us an interesting, and important, question to determine which potentially

crystalline representations are potentially diagonalizable. As far as we know they
could all be.

Lemma 1.4.1. If p; and py are conjugate in GL,(Q,) then py is potentially diag-
onalizable if and only if ps is potentially diagonalizable.

Thus we can speak of a representation p : Gx — GL,(Q,) being potentially
diagonalizable without needing to specify an invariant lattice.

Proof. If p1 and po are conjugate by an element of GLn((’)@l) then after passing
to a finite extension over which p; = py, = 1 we see that p; ~ ps. Thus we may
suppose that p; = gpag~! where g = diag(dy,...,d,) with d; € @lx satisfying
dy|dn—1|...]d1. Choosing L C Q; large enough we may assume that p; and po are
defined over O and that di,...,d, € O. (If d; is not integral multiply each d; by
a suitable element of L*.) Replacing K by a finite extension we may also assume
that po = 1 mod ldy /d,,, in which case we also have p; = 1.
Consider the complete topological domain

A= 0(t1,81,t2, 82, s tn—1,8n-1)/(s1t1 — (d1/d2), .. ., Sp—1tn—1 = (dn—1/dn)).
Let g = diag(t1 - tn_1,t2 " tn-1,...,tn_1,1) and let
=G0
If j > i then the (4, 7) entry of p(o) is t;...t;—1 times the (¢,j) entry of pa(o).
If i« > j then the (i,j) entry of p(o) is s;...s;—1d;/d; times the (,j) entry of
p2(0). Thus we see that p : Gx — GL,(A) is a continuous homomorphism. The

specialization under ¢; — 1 for all ¢ is p5. The specialization under s; — 1 for all ¢ is
p1. As in the proof of lemma [I.2.1] we conclude that p; ~ p2, and we are done. [
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We will establish some cases of (potential) diagonalizability below, but first we
must recall some results from the theory of Fontaine and Laffaille [FL82], normalized
as in section 2.4.1 of [CHTO0S8]. Assume that K/Q; is unramified and denote its ring
of integers by Ox. Let MF denote the category of finite O ®z, O-modules M
together with

e a decreasing filtration Fil ‘M by Ok ®z, O-submodules which are Og-direct
summands with Fil°M = M and Fil'"'M = {0};
e and Frob;1 ® 1-linear maps ® : Fil*M — M with O pyit1p = (DL and
S, FIM = M.
Let REP»(Gk) denote the category of finite O-modules with a continuous G-
action. There is an exact, fully faithful, covariant functor of O-linear categories
Gk : MFo — REP»(Gk). The essential image of G is closed under taking
sub-objects and quotients. If M is an object of MJF », then the length of M as an
O-module is [K : Q] times the length of Gx (M) as an O-module.

Let F denote the residue field of O and let MFy denote the full subcategory of
MUF o consisting of objects killed by the maximal ideal A of O and let REPy(Gk)
denote the category of finite F-modules with a continuous Gi-action. Then Gg
restricts to a functor MFr — REPr(Gk). If M is an object of MFp and 7 is
a continuous embedding K — Q;, we let FL,(M) denote the multiset of integers
i such that gr'M ®oye, 0701 O # {0} and 7 is counted with multiplicity equal
to the F-dimension of this space. If M is an [-torsion free object of MF» then
Gy (M) ®z, Q; is crystalline and for every continuous embedding 7 : K < Q; we
have

HT,(Gg (M) ®z, Q) =FL (M ®0 F).
Moreover, if A is a Gi-invariant lattice in a crystalline representation V' of Gk
with all its Hodge-Tate numbers in the range [0, — 2] then A is in the image of
Gg. (See [FL82].)

Lemma 1.4.2. Let K/Q; be unramified. Let M denote an object of MFr together
with a filtration

M:MoDﬁl BDERE DMn_l DMnZ(O)
by MFg-subobjects such that M;/M;y, has F-rank [K : Q)] fori =0,...,n— 1.
Then we can find an object M of MFp which is l-torsion free together with a
filtration by MF o-subobjects

M:MoDMlD"'DMn_lDMn:(O)
and an isomorphism

M®oF =M

under which M; @0 F maps isomorphically to M; for all .

Proof. M has an F basis €; , for i = 1,...,n and 7 € Hom (K, Q;) such that
o the residue field ki of K acts on €; , via T;
) Mj is spanned over F by the €; » for i > j;
e and for each j there is a subset Q; C {1,...,n} x Hom (K, Q;) such that
Fil? M is spanned over F by the e, » for (i,7) € Q.
Then we define M to be the free O-module with basis e; , for 7 = 1,...,n and
7 € Hom (K, Q).
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e We let Ok act on e; ; via T;
e we define M; to the sub O-module generated by the e; » with i > j;
e and we define Fil? M to be the O-submodule spanned by the eir for (i,7) €
Q;.
We define ®7 : Fil? M — M by reverse induction on j. If we have defined ®11 we
define ®7 as follows:
o If (i,7) € Q11 then ®le; , =PI He; ..
o If (i,7) € Q; — Q41 then @jei,T is chosen to be an O-linear combination
of the e/ roFvon, for i’ > i which lifts 6%,»77.
It follows from Nakayama’s lemma that M is an object of MF@, and then it is
easy to verify that it has the desired properties. (I

We can now state and prove our potential diagonalizability criteria.

Lemma 1.4.3. Keep the above notation, including the assumption | = p. Suppose
that p: Gxg — GL,(Qy) is a potentially crystalline representation.

(1) If p has a Gg-invariant filtration with one dimensional graded pieces, in
particular if it is ordinary, then p is potentially diagonalizable.

(2) If K/Qy is unramified, if p is crystalline and if for each T : K < L the
Hodge-Tate numbers HT;(p1) C [ar,ar + 1 — 2] for some integer a., then
p1 is potentially diagonalizable.

Proof: After passing to a finite extension so that p becomes trivial and each grip
becomes crystalline, the first part follows from item of the first numbered list
of this section.

For the second we may assume (by twisting) that a, = 0 for all 7. Note that every
irreducible subquotient of p|;,. is trivial on wild inertia and hence one dimensional.
Choose a finite unramified extension K'/K such that p(G k) = p(Ix). Then p|q,,
has a G- invariant filtration with 1-dimensional graded pieces. From Lemma|l.4.2
(and the discussion just proceeding it) we see that p|q,., has a crystalline lift p; with
the same Hodge-Tate numbers as p|qg,, which also has a G'k/-invariant filtration
with one dimensional graded pieces. It follows from Lemma 2.4.1 of [CHTO0§| that
pla,, ~ p2. (Note that in section 2.4.1 of [CHTOS| there is a running assumption
that the Hodge-Tate numbers are distinct. However this assumption is not used in
the proof of Lemma 2.4.1 of [CHT08].) From the first part of this lemma we see
that po is potentially diagonalizable. Hence p is also potentially diagonalizable. [

Important convention: Suppose that F is a global field and that » : Gp —
GL,(Q,) is a continuous representation with irreducible reduction 7. In this case
there is model r° : Gp — GLn(Og,) of r, which is unique up to GL,(Og, )-
conjugation. If v|l is a place of F' we write r|g,, ~ p2 to mean r°|g, ~ pa.
We will also say that r|g,, is (potentially) diagonalizable to mean that r°|g,. is.

1.5. Global theory.

Fix an odd rational prime [ and let O denote the ring of integers of a finite
extension L of Q; in Q;. Let A denote the maximal ideal of O and let F = O/\.
Let F denote an imaginary CM field with maximal totally real subfield F*. We
suppose that each prime of F'* above [ splits in F' and that L contains the image
of each embedding F' < L. Let S denote a finite set of places of FT which split
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in F' and suppose that S contains all places of Ft above [. For each v € S choose
once and for all a prime v of F' above v, and let S denote the set of v for v € S.
Let
T GF+ — Qn (F)
be a continuous representation such that Gy = 7 'G2(F) and such that 7 is un-
ramified outside S. Let
W GF+ — O
be a continuous character lifting v o7. We suppose that p is de Rham, so that there
is an integer w such that HT,(u) = {w} for all 7: F* — L. For 7: F < L let H,
denote a multiset of n integers such that

Hye={w—h: he H}.

For v € § with v fl choose a set C, of irreducible components of the scheme
Spec RY [1/1], and let D, denote the corresponding local deformation prob-

OFla .
lem. For v € S with v|l choose a finite set C, of irreducible components of

lim_, i+ Spec Rg Flo TH K s and let D, denote the corresponding local de-
s Fg? TS -

formation problem.
Let _
§= (F/F+7 S,8,0,7, p, {DU}UES)'
The following proposition is established in [CHTOS8] (see Proposition 2.2.9 and
Corollary 2.3.5 of that paper).

Proposition 1.5.1. Keep the notation and assumptions established in this section.
Suppose moreover that T is absolutely irreducible.

(1) There is a universal deformation
Tgniv . GF+ N gn(Rg‘niv)

of T of type S in the sense of section 2.3 of [CHTO§].
(2) If u(ey) = =1 for all vloo (i.e. if p is totally odd) and if each H, has n

univ

distinct elements then RE"Y has Krull dimension at least 1.
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2. AUTOMORPHY LIFTING THEOREMS I.

2.1. Terminology.

Continue to fix a rational prime [ and an isomorphism 2 : Q, = C.
Suppose that F is a CM (or totally real) field and that F'™ is the maximal totally
real subfield of F'. Let
T GF — GLn(@l)

(resp. 7 : G — GL,(F;)) and
I GF+ — @lx

(vesp. @ : Gp+ — EX ) be continuous homomorphisms. We will call the pair (r, i)
(resp. (T,71)) essentially conjugate self-dual if for some infinite place v of F'* there
is e, € {£1} and a non-degenerate pairing ( , ), on Q; (resp. F,) such that

(T, Yo = €o(Ys T)o

and

(r(o)z, r(cvocy)y)e = (o) (x, y)o
(resp.

(F(o)z, T(cvocy)y)o = Tilo) (2, y)v)
for all x,y € @7 (resp. F?) and all 0 € Gp. In the case that F' is imaginary we
further require that €, = —u(c,). (This last condition can always be achieved by
replacing p by pudp/p+.)

Note the following.

e If the condition is true for one place v|oo it will be true for all places
v]oo: take e, = p(cpey)ey and (x,y)y = (T, 7(CvCr)Y)y (resp. (T,y)y =
(2,7 (coco )Y)o)-

e If F is imaginary then (r, u) (resp. (7,[)) is essentially conjugate self-dual
if and only if there is a continuous homomorphism 7 : Gp+ — G, (Q;) (resp.
Gn(F))) with 7 = 7 (resp. 7) and with multiplier x (resp. 7).

e If F is totally real then (r, u) is essentially conjugate self-dual if and only
if r factors through GSp,(Q;) (if u(c,) = —&,) or GO, (Q;) (if pu(cy) = €y)
with multiplier . [Define the pairing on Q; by (z,4) = (z,7(cy)y)».] A
similar assertion is true in the case of F; if I > 2.

We will call (r, u) (resp. (7, 1)) totally odd, essentially conjugate self-dual if they
are essentially conjugate self-dual and €, = 1 for all v|co. (Or what comes to the
same thing if u(c,) (vesp. fi(cy)) is independent of v|oco and &, = 1 for some v|c0.)

Suppose that F' is a number field and

X :AR/F* — C*
is a continuous character. If there exists a € ZHom (F:0) guch that
X|(F;,)0 DX H (Tz)%
T€Hom (F,C)

we will call x algebraic. In that case we can associate to x a de Rham, continuous
character

ri.(x) : Gr — @zx
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as at the start of section 1 of [BLGHT09]. If 7 : F < Q; recall that HT,(r;,(x)) =
{7(1‘107'}'

We now recall from [CHTO8] and [BLGHT09] the notions of RAESDC and
RAECSDC automorphic representations. In fact, it will be convenient for us to
work with a slight variant of these definitions, where we keep track of the character
which occurs in the essential (conjugate) self-duality.

Let F' be an imaginary CM field with maximal totally real subfield F'*. By a
RAECSDC (regular, algebraic, essentially conjugate self dual, cuspidal) automor-
phic representation of GL,, (Ar) we mean a pair (7, x) where

e 7 is a cuspidal automorphic representation of GL,, (Ar) such that 7, has
the same infinitesimal character as some irreducible algebraic representation
of the restriction of scalars from F' to Q of GL,,

o x: A%, /(Ft)* — C*is a continuous character such that y,(—1) = (—1)"
for all v|oo,

e and ¢ = 1V ® (x 0o Np/p+ o det).

We will say that (7, x) has level prime to I (resp. level potentially prime to 1) if for
all v|l the representation 7, is unramified (resp. becomes unramified after a finite
base change).

Now let F be a totally real field. By a RAESDC (regular, algebraic, essentially
self dual, cuspidal) automorphic representation of GL,(Ar) we mean a pair (m, x)
where

e 7 is a cuspidal automorphic representation of GL, (Ar) such that 7, has
the same infinitesimal character as some irreducible algebraic representation
of the restriction of scalars from F' to Q of GL,,,

e x : A% /F* — C* is a continuous character such that y,(—1) is indepen-
dent of v|oo,

e and T = 1V ® () o det).

We will say that (, x) has level prime to I (resp. level potentially prime to 1) if for
all v|l the representation 7, is unramified (resp. becomes unramified after a finite
base change).

If 2 is an algebraically closed field of characteristic 0 we will write (Z™)Hom (F:2),+
for the set of a = (a, ;) € (Z")Hom (B9 gatisfying

aT,l Z e Z a‘r,n-

Let w € Z. If F' is totally real or CM (resp. if 2 = C) we will write (Z”)gom(F’Q)
for the subset of elements a € (Z™)Ho™ () ith

Qrj+ Grocntl—i = W
(resp.
U7 + Geormt1—i = W.)
(These definitions are consistent when F is totally real or CM and Q@ = C.) If F'/F
is a finite extension we define ap € (Z")Hom (F.2).+ by
(ap:)ri = Qr|p i

We will call a extremely regular if for some 7 the a,; have the following property:
for any subsets H and H' of {a,; +n —i}}_; of the same cardinality, if >, _, h =
> nems h then H = H'.
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If a € (z")Hom (F.O):+ et 2, denote the irreducible algebraic representation of
GLEOHI(F’C) which is the tensor product over 7 of the irreducible representations
of GL,, with highest weights a,. We will say that a RAESDC (resp. RAECSDC)
automorphic representation (m,x) of GL,(Ar) has weight a if T has the same
infinitesimal character as Z. Note that in this case @ must lie in (Z")Em £ for
some w € Z.

We recall that to a RAESDC or RAECSDC representation (m, x) of GL,(AF)

we can attach a continuous semi-simple representation
r.(7) : G — GL,(Q))

with the properties described in Theorem 1.1 (resp. 1.2) of [BLGHT09]. The pair
(ria(m), € " ™r1,(x)) is totally odd, essentially conjugate self-dual. (See Theorem
1.2 and Corollary 1.3 of [BC09]. Note that Theorem 1.2 of [BCO9] can easily
be extended to the case x non-trivial by a twisting argument. Also note that
irreducible factors r of r;,(7) which do not satisfy r© = r¥ @ ellfnrl,l(x) occur in
pairs 7, (r€)Y ® ellfnrl,l(x) and it is straightforward to put a pairing of the desired
form on r @ (r°)Y @, "1, (x).) When F is CM, note that by definition €, ~"r;,(x)
takes every complex conjugation to —1, i.e. is totally odd.

The representation 7 ,(7) is de Rham (crystalline if 7, is unramified for all v|l)
and if 7 : F < Q; then

HT,(r.(7)) ={ayr1+n—1,a,2+n—2,...,0,rn}
If v JI then Caraiani’s local-global compatibility tells us that
WD (ry ()|, ) 7% 2 rec(m, @ | det |(1=n)/2y,

(See [Carl0].)

We will let 7;,(7) denote the semisimplification of the reduction of r;, (7). If F
is totally real and if y,(—1) = (—1)""! for all v|oo then 7, ,(7) factors through a
map

Fra(7) : Gp — GO, (F})

with multiplier & "7, (x). If F is totally real and if x,(—1) = (—1)" for all v|oo
then n is even and 7 ,(m) factors through a map

F1a(m) : Gp — GSpy(F)

with multiplier €l17”ﬂﬂ(x). If F' is imaginary CM then it extends to a continuous
homomorphism
7r.(m) : Gp+ — G (Fr)

with multiplier € "7, (x).

In definition 5.1.2 of [Ger(9] D.G. defines what it means for a regular algebraic
cuspidal automorphic representation = of GL,(Ar) to be v-ordinary. For our pur-
poses the exact definition will not be so important, rather all that will matter are
the following facts. We let (7, x) denote a RAESDC or RAECSDC automorphic
representation of GL,(Ap).

(1) If 7 is s-ordinary then r,(m) is ordinary.

(2) If ¢ is an algebraic character of A5 /F* then 7 is t-ordinary if and only if
7 ® (¢ o det) is e-ordinary. (This follows directly from the definition.)

(3) If m has weight 0 and if 7, is Steinberg for all v|l then 7 is -ordinary. (See
Lemma 5.1.5 of [Ger09].)
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(4) If 7 has level potentially prime to ! and if r;,(7) is ordinary then = is
r-ordinary. (See Lemmas 5.1.6 and 5.2.1 of [Ger(09])

We remark that it is presumably both true and provable that 7 is ¢-ordinary if and
only if 7, ,(m) is ordinary, but to work out the details here would take us too far
afield.

We will call a pair (r, 1) (resp. (T, 7)) consisting of a Galois representation and
an algebraic Galois character automorphic if there is a RAESDC or RAECSDC
representation (m, x) such that

(ry 1) 22 (r (), ra () ed ™)

(resp.
(7, 70) = (Fro(m), 7. ()E ™).

We will say that (r, ) or (7, 1) is automorphic of level prime to l (resp. automorphic
of level potentially prime to I, resp. ordinarily automorphic) if (w, x) has level prime
to ! (resp. has level potentially prime to [, resp. is z-ordinary).

The next Lemma formalizes the argument of step 3 of the proof of Theorem 7.5
of [BLGHT(9].

Lemma 2.1.1. Let F be a totally real field or CM field and M/F a cyclic imag-
inary Galois CM extension of degree m. Let r : Gy — GL,(Q;) be a continu-
ous representation. Assume that there is a RAESDC automorphic representation
(I, x) of GLyn(Ar) and 2 : Q; = C such that r;,(II) = Ind gff Then there is
a RAECSDC automorphic representation (m, (|| || "™x) o Nas+/p) of GLn(Anr)
such that vy, (7) = 7.

Proof. The proof follows the proof of Proposition 5.2.1 of [BLGG09]. Note that
this proof refers only to r|g,, until the very last line where the automorphy of
r is deduced from that of r|g,,. Also note that in the case that F is imaginary
one must replace the argument of the last paragraph of the proof of Proposition
5.2.1 of [BLGGO9] with the (similar) argument in the last paragraph of the proof
of Proposition 5.1.1 of [BLGGIQ]. O

Finally recall the following definition from [Thol0]. We will call a subgroup
H C GL,(IF;) adequate if the following conditions are satisfied.

o H'(H,F)) = (0) and H'(H, gl%(F;)) = (0).
o HO(H,gl)(F;)) = (0).
e The elements of H with order coprime to [ span Mnxn(Fl) over F;.

Note that this is not exactly the definition given in Definition 2.3 of [Thol0], how-
ever it is equivalent to it by Lemma 1 of [GHTT10]. Note also that if H is adequate,
then the second condition above implies that { fn. The following proposition is The-
orem 9 of [GHTTTO).

Proposition 2.1.2. Suppose that H is a finite subgroup of GL,(F;) such that the
tautological representation of H is irreducible. Let HY denote the subgroup of H
generated by all elements of l-power order and let d denote the mazximal dimension
of an irreducible H°-submodule of ﬁ?. If 1 > 2(d+ 1) then H is adequate.
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2.2. Automorphy lifting: the ‘minimal’ case.

In this section we present an automorphy lifting theorem which represents the
natural output of the Taylor-Wiles-Kisin method (with improvements due to Thorne
[Thol(] and Caraiani [CarlQ]). This result is essentially Theorem 7.1 of [Thol0].

Theorem 2.2.1. Let F be an imaginary CM field with mazimal totally real subfield
F*. Suppose | is an odd prime and that n € Z>y. Let

T GF — GLn(@l)

be a continuous representation and let T denote the semi-simplification of its reduc-
tion. Also let

w:Gpy — @lx
be a continuous homomorphism. Suppose that (r, 1) enjoys the following properties:

(1) = Yl

(2) p(ey) = =1 for all v|oo.

(3) The reduction T is (absolutely) irreducible and T(Gr(,)) C GLn(F;) is ad-
equate.

(4) There is a RAECSDC automorphic representation (m,%) of GL,(Ar) of
level potentially prime to | such that (F,7) = (Fi.(m), T (x)E "), and
r1.(m)|Gr, ~ Tlag, for each finite place v of F'. (In particular, r|c,, is
potentially crystalline for v|l.)

Then (r, 1) is automorphic of level potentially prime to l.
If further w has level prime to I and if r is crystalline at all primes above l, then
(r, 1) is automorphic of level prime to .

Proof. The result follows from Theorem 7.1 of [Thol(] on noting that for v |l
we have r;,(7)|g,, ~ 7lap, (by Lemma because tWD (ry,(7)| ., )F 75 =

rec(m, @ | det | ™/2) and 7, is generic). O

Theorem 2.2.2. Let F be an imaginary CM field with maximal totally real subfield
F*. Suppose that n € Z>1 and that l is an odd prime. Let S be a finite set of primes
of F¥ including all primes above l. Suppose moreover that each prime in S splits
in F and choose a prime v of F' above each v € S. Write S for the set of v with
veSs.

Let (m,x) be a RAECSDC automorphic representation of GL,(Ar) which is
unramified outside S and has level potentially prime to . Let a € (Z")Hom (F0).+
be the weight of w. Suppose that the image T1,(7)(Gr(c,)) is adequate.

Suppose that for each vl|l, C, is an irreducible component of

. O —
lim Spec By, (m)j6,, {Havritn—i}i}s K/ —eris @ Q

containing ri,(m)|Gp_ . Suppose also that for each v € S with v fl, C, is the irre-
FDm(W)\c;F5

Let L denote a finite extension of Q; in Q, such that L contains the image of
each embedding F — Q;; and L contains the image of r1,(x); and ry,(7) is defined
over L; and each C, is defined over L. Forv € S let D, be the deformation problem
corresponding to C,. Also let

S=(F/F*,8,505,7.,(7),r.,00)e ™, {Dy}ves)-

ducible component of Spec R ® Q, containing T1(7) G, -
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Then the ring REY is a finitely generated Or,-module.

Proof. Note that r;,(7)|g,. lies on a unique component of Spec RE, (e ®Q, for
5 p .

each v € § with v fl. (Use Lemma m and the fact that zWD(rlﬂ(w)|GFﬁ)F_SS =

rec(my ® | det |E~)17n)/2).) Also by making a base change to a finite, soluble, Galois,

CM extension F’/F which is linearly disjoint from erﬁ”’(“)(g) over F' we may

suppose that 7 is unramified above [ and that C, is a component of the spectrum
Spec REZ ( ® Q; for each v|l. (Use Lemma(1.2.2). In partic-

Wl ({aur itn—i}i}y cris

ular the character y is unramified above [ (as F//F™T is unramified above [). The
result now follows from Theorem 10.1 of [Thol0]. O

2.3. Automorphy lifting: the ordinary case.

One can combine the Taylor-Wiles-Kisin method with the level changing method
of [Tay08] and Hida theory, to derive a stronger theorem in the ordinary case.
The first such theorem was obtained by D.G. (see Theorem 5.3.2 of [Ger09]). The
‘bigness’ condition in Theorem 5.3.2 of [Ger09] was relaxed by Thorne. The theorem
we present below is Theorem 9.1 of [Thol0].

Theorem 2.3.1. Let F be an imaginary CM field with maximal totally real subfield
F*. Suppose that | is an odd prime and that n € Z>y. Let

r:Gp — GL,(Q)

be a continuous irreducible representation and let T denote the semi-simplification
of the reduction of r. Also let

—X
w:Gp+r = Q

be a continuous homomorphism. Suppose that (r, 1) enjoys the following properties:

(
(2) p(ey) independent of v|oo.
(3) r ramifies at only finitely many primes.
(4) r is ordinary.
(5) The image 7(G p(c,)) is adequate and & F.
(6) There is a RAECSDC automorphic representation (w,x) of GL,(AFr) such
that
(?7 ﬁ) = (Fl,z(ﬂ-)afl,z(X)gll_n)
and 7 is 1-ordinary.

Then (r, 1) is ordinarily automorphic. If r is also crystalline (resp. potentially
crystalline) then (r, ) is ordinarily automorphic of level prime to | (resp. poten-
tially level prime to l).

The next result is Theorem 10.2 of [Thol0], which generalizes Corollary 4.3.3 of
[GGOY]. It provides a finiteness theorem for universal deformation rings.

Theorem 2.3.2. Let F be an imaginary CM field with maximal totally real subfield
F*. Suppose that n € Z>1 and that | is an odd prime with { ¢ F. Let S be a
finite set of primes of F'T including all primes above I. Suppose moreover that each
prime in S splits in F and choose a prime v of F' above each v € S. Write S for
the set of v for v € S.
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Let (m,x) be an v-ordinary RAECSDC automorphic representation of GL,(Ar)
which is unramified outside S. Suppose that the image Ty ,(7)(Gp(c,)) is adequate.
Let

—X
J7A GF+ — Ql
be a continuous de Rham character satisfying i = 71,(x)& " Note that HT, () =
{w} is independent of T : F* — Q,. For each 7 : F — Q, choose a multiset of n
distinct integers H, such that
Hye={w—h: he H}.

Let L denote a finite extension of Qq in Q, such that L contains the image of
each embedding F' — Q;; and L contains the image of u; and ry,(7) is defined over
L. Forv e S with v fl let D, consist of all lifts of T1,,(7)|G . . If v|l let D, consist

of all lifts which factor through RCDO,FM(W)\GFE,{HT},ss-ord' Also let
S= (F/F+7 S? ga OLr%l,’L(W)7 Hy {DU}UES)'

Then the ring REY is a finitely generated Or,-module.
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3. POTENTIAL AUTOMORPHY.

3.1. The Dwork family.

In this section we show that a suitable symplectic, mod [ representation is poten-
tially automorphic. The theorem and its proof are slight generalizations of section
6 of [BLGHTQ9]. We start with another minor variant of a result of Moret-Bailly
[MBS&9] (see also [GPR95] and Proposition 6.2 of [BLGHT09]). We apologize for
not stating these results in the correct generality the first time round.

Proposition 3.1.1. Let D/F/Fy be number fields with D/F and F/Fy Galois.
Suppose also that S is a finite set of places of Fy and let ST denote the set of places
of F above S. Forv € ST let E! /F, be a finite Galois extension with E!, = o E! for
o€ GFM\FO' Suppose also that T/F is a smooth, geometrically connected variety

and that for each v € S¥ we are given a non-empty, Gal (E! /F,)-invariant, open
subset 0, C T(E)).
Then there is a finite Galois extension E/F and a point P € T(E) such that

o E/Fy is Galois;

e E/F is linearly disjoint from D/F;

e ifv € ST andw is a prime of E above v then E,,/F, is isomorphic to E! | F,
and P € Q, C T(E)) 2 T(E,). (This makes sense as §, is Gal (E]/F,)-
invariant.)

Proof. Let Dq,...,D, denote the intermediate fields D D D; D F with D;/F
Galois with simple Galois group. Combining Hensel’s lemma with the Weil bounds
we see that T has an F),-rational point for all but finitely many primes v of F'. Thus
enlarging S we may assume that for each i = 1,...,r there is v € S¥ with E/ = F,
and v not split completely in D;. Then we may suppress the second condition on
E.

Let F'/F be a finite extension such that

e F'/Fy is Galois;

e if v € S¥ and wlv is a place of F’ then F! /F, is isomorphic to E! /F,.
(Apply Lemma 4.1.2 of [CHTO08] with F of that lemma our F' and S of that lemma
our S¥. This produces a soluble extension F”/F. Then we take F' to be the
normal closure of F” over Fy.) Thus we may assume that E! = F, for all v € SF.

Then Theorem 1.3 of [MBR89] tells us that we can find a finite Galois extension
F'/F and a point P € T(F') such that every place v of ST splits completely in F’
and if w is a prime of F’ above v then P € Q, C T(F},). Now take E to be the
normal closure of F' over Fj. O

Theorem 3.1.2. Suppose that:

F/Fy is a finite, Galois extension of totally real fields,

T is a finite set,

for each i € I, n; is a positive even integer, l; is a rational prime, and
(7 @li :> C,

F@void) /B s q finite Galois extension, and

ri : Gp — GSp,, (F1,) is a mod l; Galois representation with open kernel

and multiplier Elli_”i .
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Then we can find a finite totally real extension F'/F and RAESDC automorphic
representations (m},1) of GLy,(Ap/) such that

(1) F'/Fy is Galois,

(2) F' is linearly disjoint from F®°9) oper F,

(3) Tl (T(;) = Fi|GF/ ’

(4) and 7} has weight 0 and, if v|l; then ], is Steinberg.

. ;o . N )
In particular 7} is v;-ordinary and ry, ,, (7)) is ordinary.

Proof. The proof follows very closely the proof of Theorem 6.3 of [BLGHT09]. We
will use the notation of that theorem freely and we will simply indicate the slight
changes that need to be made. First note that 7; is actually valued in GSp,,(F(®))
for some finite cardinality subfield F() C F,.

We choose N such that it is not divisible by any rational prime which ramifies in

F(@void) o1 in any of the 7T (¢1,), and such that for each i € 7 there is a prime );
of Q(¢y)* above I; and an embedding F(*) < Z[¢y]*/A;. Note that in particular

—N; ker7;

Q(¢w) is linearly disjoint from F(void)E (¢r1, ;) over Q and hence also over
F.
We choose several fields M; for ¢ € T with M;/Q cyclic of degree n; and with

—N; ker7;

each M;/Q unramified at all rational primes ramified in F®d)F (NI, 1)
Choose ¢ to be split completely in [, M; and unramified in F@eid)(¢,y IL, &)
Choose q; a prime of M, above q. Choose M’ containing the compositum of the
My’s and characters ¢; : Ay, — (M’')* as in Theorem 6.3 of [BLGHT0J], ex-
cept that we ask that ¢; is unramified above any rational prime which ramifies in
F(aVOid)(CN I 1;)- Choose I’ also unramified in F(@void) and not equal to any I; and
greater than n; + 1 for all . Choose A\; a prime of M’ above I’ and X a prime of
Q(¢w)™ above I'. Use ¢; and A; to define 6; : Gy, — Z]; and set ; = Ind gfd 0;.

—N; ker 7/,

Note that F(¢x) and Q *(¢r) are linearly disjoint over Q.

We choose various To(i) corresponding to N and n;. Each comes with a finite
cover Ty, x7 . Then choose F” a finite extension of F((y)* and points t; € Téi)(F’)
such that

o F'/Fy is Galois;
F' is totally real;
F’ is linearly disjoint from F(2void)F7
VN = Tila,s
VN, 27,
v(t;) < 0 for all places v|l; of F;
v(t;) > 0 for all places v|l’ of F'.

N; ker(7; X?;)(

Cl’l‘[ili) over F

To do this one applies Proposition [3.1.1] with Fy of that proposition our Fy, with
F of that proposition our F((x)" and with T' = [[; 75«7 and with D of that

proposition our Flavoid) ker(?ixﬂ)(g, IL 1,)- We take S to consist of the places of
Fy dividing infinity or I T], l;. For v € SFEMT and v]oo we take E, to be F(Cn)i
and €2, to be T(E)). For v € SFENT with v|l; (resp. v|l’) and E’ a finite extension

of F(¢n)F, let Q(E’) denote the subset of T'(E’) consisting of those points whose
component in T, .7 lies above an element ¢ € Té”(ﬁv) with v(¢) < 0 (resp. with
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v(t) > 0). For such v we choose finite Galois extensions E! /F((y); such that
Q(E;) # 0 and E7, = o, for all 0 € G, 4|, - We then take 2, = Q(EY).

The last sentence of the proof of Theorem 6.3 of [BLGHT09] is not required
here. (]

3.2. Lifting Galois representations I.

We now use the method of Khare and Wintenberger [KW09] to show that certain
mod [ representations have ordinary lifts with prescribed local behaviour. We will
later improve upon this by weakening the ordinary hypothesis (see Theorem ,
but we will need to use this special case before we are in a position to prove the
more general result.

Proposition 3.2.1. Let n be a positive integer and I an odd prime. Suppose that
F is a CM field not containing ¢; and with mazimal totally real subfield F¥. Let S
be a finite set of finite places of F™ which split in F and suppose that S includes
all places above . For each v € S choose a prime v of F above v.

Let p: Gp+ — @lx be a continuous, totally odd, crystalline character unramified
outside S. Then there is a w € Z such that for each 7 : Ft — Q, we have
HT,(n) = {w}. For each 7 : F — Q, let H, be a set of n distinct integers such
that Hroe ={w—h: he H,}.

Let

T GF+ — gn(Fl)
be a continuous representation unramified outside S with voF =i and 7 'G2(F;) =
Gp. Write d for the mazimal dimension of an irreducible constituent of the restric-
tion of 7 to the closed subgroup of Gp+ generated by all Sylow pro-l-subgroups.
Suppose that ﬂGF(q) is irreducible and that 1 > 2(d + 1).

Suppose also that for u|l a place of F the restriction %\GF“ admits a lift py :
Gr, — GLn((’)@l) which is ordinary and crystalline with Hodge-Tate numbers H,
for each 7 : F,, — Q;. Forv € S with v [l let p, : Gg, — GLn(O@Z) denote a lift
Of %|GFE .

Then there is lift

r. GF+ — gn((’)@)
of T such that
(1) vor=yp;
(2) if ull is a place of F then ¥|g, is ordinary and crystalline with Hodge- Tate
numbers H, for each 7 : F, < Q;;
(3) ifve S and v fl then Flg. ~ pu;
(4) r is unramified outside S.

Proof. Choose a place v, of F' above a rational prime ¢ such that v, is split over

F* and vy does not divide any prime in S. Also choose a character ¢ : Gp — @lx
such that

e ¢ is unramified above any prime of S which does not divide [;

e 1) is crystalline at all primes above [;

o if HT (¢)) = {b;} then |b; — broc| > |h — h/| for all h € H,,h' € H o

o q|#(/¥°)(Ir,,); and

o Yt = 62_2”u71|GF.
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(See Lemma 4.1.6 of [CHT08].) Consider I(T ® (1, €ll_2”ﬁ_15p/p+)) : Gp+ —
G Span(F;), which has multiplier €ll_2”. By the fourth condition on v the represen-
tation I(7® (1, E}_Z"ﬁ_15p/p+))|GF+(m is irreducible and so, by Proposition

I ® (0,8 2" "6 p+))(Gr+(c)) is adequate.
Let Fy/FT be a totally imaginary quadratic extension linearly disjoint from

Frered 1T 0 et )) (¢;) over F*. By Theorem there is a Galois totally

real field extension F;"/F*+ and a RAESDC automorphic representation (mq, 1) of
GLgn(AF;r) such that
—ker [(FQ(, et ~2"m— 1t
e F," is linearly disjoint from e ireva 6F/F+))F0(Q) over F't;
o T (m) =IT® (¢»€;72nﬁ715F/F+))|GF+§
1
e and 7 is 7-ordinary.

. - —ker F@(P,el 21
Set Fy = F()Ffr. It is linearly disjoint from F erre(.g F/F+)F1+(Q) over Ffr

Set
T =1(T® (@,E}_Q"ﬁfltsp/pﬂﬂcﬁ)é;Fl tGpr — Gon (Fy).

Then %1(GF1(Q)) is adequate and (; & F}.
Let 77 O S denote a finite set of primes of F'* including all those above which ),
w1 or Fi is ramified. Let F;r /F* be a finite soluble Galois totally real extension,

linearly disjoint from Fllm?l (¢;) over F'* such that all primes of 3~ = F;" F,f above
T’ split in F3 = F1 Fy. Set
T3 =Tl Gpy — Gon (Fy)

F3

so that 73 1G9, (F;) = GF,. Then 73(GF,((;)) is adequate and {; ¢ Fs. Let T denote
the set of places of Fy lying over 7" and for each u € T choose a prime u of F3
above u and let T’ denote the set of i for u € 7.

For v € S with v/l let C, denote a component of R:

FlGFT}

Choose a finite extension L of Q; in Q, with integers O and residue field F such
that

® Q, containing p,,.

L contains the image of each embedding F3 — Q;
for v € S the component C, is defined over L;

7 and 1 are defined over F;

and p is defined over L.

For v € S with v /I let D,, denote the deformation problem for 7|g, corresponding

to C,. For v € S with v|l let D, consist of all lifts of ﬂGFa which factor through
O

R(’),?\GFU{HT},cr—ord' Set

S=(F/Ft,8,5 0,7, 1, {Dy}ves).

For w € T with u I let D3, consist of all lifts of %3|GF3_1:' For w € T with ul|l

O

let D3, consist of all lifts of ?3|(;F&ﬂ which factor through RO,?s\cFS  {Ha ) ssord’

where
Hqu- = {h+brl : he Hrl}U{h+bT2 . hGH‘rQ}v
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and 7; and 7» denote the two embeddings of F' < Q; lying above 7|p+. Set
Sy = (F3/Fyf,T,T,0,73,6 2", {D3 . }uer).

According to Theorem the ring Rg{;iv is a finitely generated O-module. Hence
by Lemma the ring RV is also a finitely generated O-module. On the other
hand by Proposition Rg“i" has Krull dimension at least 1 and so there is a
continuous ring homomorphism Rg“i" — Q;. The push forward of the universal
deformation of 7 by this homomorphism is our desired lift r. (Il

3.3. Potential ordinary automorphy.

In this section we improve Theorem to show that a suitable mod [ repre-
sentation is potentially ordinarilly automorphic with prescribed “weight and level”.
The proof will combine Theorem and Proposition [3.2.11 We will improve
further on this result in Corollary

Proposition 3.3.1. Suppose that we are in the following situation.

(a) Let F/Fy be a finite, Galois extension of CM fields, and let F* and Fy
denote their mazimal totally real subfields. Choose a complex conjugation
c€ Gp+.

(b) Let T be a finite set.

(¢) For each i € T let n; be a positive integer and l; be an odd rational prime
with ¢, ¢ F. Also choose 1; @li 5 C for eachi € T.

(d) For eachi € T let p; : Gp+ — @: be a continuous, totally odd, de Rham
character. Then there is a w; € Z such that for each T : F* < @li we have
HT (ps) = {wi}. B

(e) For each i € T letT; : Gp — GLyp,(F;,) be an irreducible continuous rep-
resentation such that (7;, ;) is totally odd, essentially conjugate self-dual.
Let d; denote the mazimal dimension of an irreducible sub-representation
of the restriction of 7; to the subgroup of Gg generated by all Sylow pro-l;-
subgroups. Suppose that Fi|GF(<zi> is irreducible and that l; > 2(d; + 1).

(f) For eachi €T and each T : F — @li let H; » be a set of n; distinct integers
such that H; roc = {w; —h: h € H;}.
(g) Let S denote a finite Gal (F/F™)-invariant set of primes of F including all
those dividing [],1; and all those at which some T; ramifies.
(h) for each i € I and v € S with v fl; let p;o : G, = GLyn,(Og, ) denote a
hﬁ 0f7i|GFU such that picv = Ni‘GFU p;/,v 1’
(1) Let Fvoid) /' be q finite Galois extension.
Then we can find a finite CM extension F'/F and for each i € T a RAECSDC
automorphic representation (m;,xi) of GLy,(Ap/) such that
) F'/Fy is Galois,
F' is linearly disjoint from F@void) oyer F,
Tl (71—2) = Fi|GF/ ;
1—n;
Tia: ()€, = il s s
m; 1is unramified above l; and outside S;
;18 1;-ordinary;
if T F' — Q, then HT,(ry, ,,(m;)) = H;

1
2

=~ w

~_ —

(
(
(
(
(5
(6
(7

Tles
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(8) if ufly is a prime of F' lying above an element v € S then ry, ., (7)|a,, ~
p’LA,’U|C;F’,/J .
Proof. Note that (7;,7i;|G,) extends to a continuous homomorphism 7i: Gpr —
Gn, (F1,) with v o7; = I, (see section .
Choose a finite totally real extension Fy"/F* so that
e F'/F is Galois;
e F," is linearly disjoint from B Ti((ni li)F(‘WOid) over F't;
e all places of [} = FF;" above S are split over Fj;
e and for all i € 7 and all places ull; of F the restriction 7i|g,,  admits
a lift piu : Gr, — GLn,(Og, ) which is ordinary and crystalline with
Hodge-Tate numbers H; |, for each 7: Fy ,, — Q.
(This is possible by Proposition applied with T" = Spec F*.) Replacing F
by Fy (and F@void) by FlF(a"Oid)) we may reduce the theorem to the special case
that all elements of S are split over F'™ and that for all i € Z and all places ull; of
F' the restriction 7|, admits a lift p; : Gr, = GLy,(Og, ) which is ordinary
and crystalline with Hodge-Tate numbers H; , for each 7 : F,, < @Q;. (Note that if
F'/F} is finite and linearly disjoint from F@void) B over Fy and if F'/Fy is Galois,
then F’/F is linearly disjoint from F@veid) over F.)
In this case, using Proposition we see that for each i € 7 there is a lift

Tt GF+ — gm(O@l)

of 7; such that

o voOT = LI

e if ull; is a place of F' then 7|, is ordinary and crystalline with Hodge-Tate

numbers H; . for each 7 : F,, — @li;

e if v € S and v [l; then 7i|g,, ~ piv;

e 7; is unramified outside S.
(Note that if we write S = S 11 ¢S then we only need check the penultimate assertion
for v € S and it will follow also for v € ¢S )

Choose a place v, of F' which is split over F'* and which lies above a rational
prime ¢, which in turn does not lie under any prime in S. Also choose characters
v Gp — @Z for 4 € 7 such that

e 1); is unramified at places in S which do not divide I;;

e 1; is crystalline at all places above [;;

o if HT (v);) = {b; -} then |b; r —bi roc| > |h—R/|forallh € H; and b/ € Hro;

o ql#(i/¥7)Up,,); and

o Yi = " o
(See Lemma 4.1.6 of [CHT08].) Consider I(7; ® (@i,Elli_zniﬁjlép/F+)) : Gpy —
G Span, (F1,), which has multiplier 6111_2"1. As in the proof of Proposition we
see that I(7; ® (7“Elli_Q""'ﬁ;1§F/F+))(GF+(Q’LV)) is adequate.

Theorem tells us that there is a finite totally real field extension F,"/F+
and RAESDC automorphic representations (m1,;,1) of GLay, (A F1+) such that

o |7 /F§ is Galois;
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e F" is linearly disjoint from F ber T4
over F't;
o Ti (M) = 1T @ (03,6, 2" By 0re))la, .
e 1 ; has weight 0; '
e and if v|l; is a prime of F}", then 7 ;, is Steinberg.

P, ’gll;%iﬁ;l&F/FJr))(CH . )F(avoid)

Let F; be a totally imaginary quadratic extension of F1+ which is linearly dis-

_Niker I(F®W;,6 " H 60, 04 e .
joint from F K e rif (¢, 1, ) F@°d) over FF. Note that

1,4,/ has weight 0 and is Steinberg above [;, and hence is ¢;-ordinary. By The-
orem [2.3.1] we conclude that for each ¢ € Z there is an y-ordinary RAECSDC
automorphic representation (mg;,1) of GLay, (AR, ) of level prime to I; such that
Tl 0, (M2,4) = 1(F; @ (i, e;i72"iu;15p/p+))\GFl. Hence (by Lemma 5.1.6 of [Ger(09]
and Lemma 1.5 of [BLGHTQ9]) there is an #2;-ordinary RAESDC automorphic rep-
resentation (ms4,1) of GLap, (AFlJr) of level prime to I; such that ry, ,,(73,) =
I(7 @ (v, Gllifzniﬂfl5F/F+))|GF+-

Let F' = FF;". By Lemma we see that for each i € T there is a RAECSDC
representation (7, x;) of GLy,(Ap/) of level prime to l; with ry, ,, (7)) = (7 ®
¥i)|a,, - The theorem follows (using local-global compatibility).

(]
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4. THE MAIN THEOREMS.

4.1. A preliminary automorphy lifting result.

The proof of the next proposition is our main innovation. The last two parts of
assumption are rather restrictive and mean that the proposition is not directly
terribly useful. However in the next section we will see how we can combine this
result with Theorem to get a genuinely useful result. Our main tool will be
Harris’ tensor product trick (see [Har09] and [BLGHT09]).

Proposition 4.1.1. Let F be an imaginary CM field with maximal totally real
subfield F* and let ¢ denote the non-trivial element of Gal (F/F*). Suppose that |
is an odd prime and let n € Z>y. Let

r:Gp — GL,(Q)

be a continuous irreducible representation and let T denote the semi-simplification
of the reduction of r. Let d denote the maximal dimension of an irreducible sub-
representation of the restriction of T to the closed subgroup of Gp generated by all
Sylow pro-l-subgroups. Also let

wi Gre — @IX
be a continuous character. Suppose that r and p enjoy the following properties:

(1) r* = rVp.

(2) r ramifies at only finitely many primes.

(3) 7lgy, is potentially diagonalizable (and so in particular potentially crys-
talline) for all v|l, and for each embedding T : F — Q, it has n distinct
T-Hodge-Tate numbers.

(4) The restriction T|G ., is irreducible and | > 2(d + 1).

(5) There is a RAECSDC automorphic representation (m,x) of GL,(AF) such
that

(R ) = (i (), 70 (0F™)
and
e 7 has level potentially prime to l;
e 71,(7)|Gp, is potentially diagonalizable for all vll;
o for all 7: F < Q the set {h+ K : h € HT.(r), b’ € HT,(r,.(7))}
has n? distinct elements;
o if v fl then ry,(7)|ap, ~ Tlap, -
Then (r, ) is automorphic of level potentially prime to l.

Proof. Note that WD (ry,(7)|ay, )™ = rec(m,| |1(,17n)/2) for all v /I. Moreover as
T, is generic we have 1y ,(7)|q,, ~ 7|y, for all v fl.

Using Lemma 1.4 of [BLGHT(9] (base change) it is enough to prove the theorem
after replacing F' by a soluble CM extension which is linearly disjoint from er”(g)
over F. Thus we may suppose that

e F/FT is unramified at all finite primes;

e all primes dividing ! and all primes at which 7 or r ramify are split over
F+;

e if u is a place of F' above a rational prime which equals [ or above which 7
ramifies, then 7|g,. is trivial;
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e if u is a place of I above [ then r|g,, and r;,(7)|g,, are diagonalizable,
and 7, is unramified.

For each prime v of F* which splits in F', choose once and for all a prime v of F
above v.
For u a prime of F' above [ suppose that

Plap, ~ U0 @ @y,
and
ra(mlar, ~ 61" @@ oL,

for crystalline characters ’(/Ji(u) and ¢§u) :Gp, — (96[. We can, and shall, assume
that the characters ngu) and qbgu) satisfy 1/1§CU) (z/JEu))C = plGp,, and ¢§cu)(¢£u))c =
(r, (et ™Gy, - For 7: F, < Q; write HT, (")) = {h/;} and HT, (¢\")) =
{h;;}. There are integers w and w’ such that for each 7 : Ft — Q; we have
HT,(u) = {w'} and HT,(r;,(x)) = {w + 1 —n}. Then

Wit oy =
and

hri+hrei =w

for all 7 and 1.
Choose a CM extension M/F such that

e M/F is cyclic of degree n;

e M is linearly disjoint from er‘?(g) over F;

e and all primes of F' above [ or at which 7 ramifies split completely in M.
Choose a prime u, of F' above a rational prime ¢ such that

e ¢ # [ and ¢ splits completely in M;

e 7 u, mand x are unramified above gq.

If v|ql is a prime of F' we label the primes of M above v as var1, ..., VM., SO that
(cv)n,i = c(va,i). Choose continuous characters

0,0 : Gy — Q)
such that
the reductions @ and 8 are equal;
00¢ =11, (x)e; ™ and 0'(6)¢ = p;
¢ and ¢’ are de Rham;
if 7: M < Q lies above a place vas;|l of M then HT,(0) = {h,|,.;} and
HT, (0) = (], };
6 and ¢’ are unramified at ug ar,; for ¢ > 1, but ¢ divides #6(I
:/#0’([1\/[“@%1 ).
(Use Lemma 4.1.6 of [CHTOS| twice.) Note that if u|l is a place of F and if K/F, is
a finite extension over which 6 and €’ become crystalline and § = 8’ become trivial,
then

) and

Yq,M,1

(nd &5 Ola ~ 01l - @ o ae
and
(IndEF0)lar ~ "l @ © U e
Now let F/F be a solvable CM extension such that
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OlGr,  and 0'|G ., ,, are unramified away from [ and crystalline at all primes
above [;
0lG A 1s trivial at all primes above [;

—ker(F®Ind SF @
Fy is linearly disjoint from e dGMe)M(Q) over F';

MF,/F; is unramified at all finite places.

Note that M Fy/F; is split completely above all places of F' at which 7 is ramified.

Put

R = (’I“ X (Ind gf\;e)ﬂGlﬁ’
R’ = (ri,(m) © (nd &1, 6)) -

Note that we have the following facts.

R=TR.
R° = (rY @ Indgr,6° ®1/~L)|GF1 = RY @ (pri ()6 ")ar, -
(R = (R) (1 006" i,
R is irreducible and R|GF1( ¢, is adequate.

[As ?|G1&I(<L) is irreducible, we see that the restriction to G,y of any
constituent of (F@Ind &F 0)|¢ is asum of 7 g,,. .0 |a as 7 runs over

Gm F(¢p) M(¢) M(¢p)

some subset of Gal (M/F). Looking at ramification above u, we see that
the ?|GM<<,>?T|GM(<,) are permuted transitively by Gal (M/F) allii hence
(FInd gij 0)|cr ., is irreducible. By the choice of Fy, we see that Rl
is irreducible. By the argument of the second paragraph of the proof of
Theorem 9 of [GHTTI0] we see that [ /n and hence every Sylow pro-I sub-
group of G, is a subgroup of Gy (¢,). By Proposition [2.1.2] we see that
Rl ., is adequate.]
(R, url’z(x)ellfn(SFl/F;r) is automorphic of level prime to [, say

(R/»Mrl,z(X)Ellfn(sFl/F;f) = (7"1,:(71)77“1,2()(1)611771 )-

Moreover 71 only ramifies at places of Fy where 7, is ramified. (my is
constructed as the automorphic induction of 7p  ® (¢| [**~1/2 o det)
to Fy, where r1,(¢") = 0'|gs - Note that if o € Gal(F1M/F1) then

_ . _ — .
Tlﬂ(ﬂ-)‘GF‘ll\/fe |GF1M ¥ rl71(7r)|GF1M9 |GF11\1? so that (7TF1M 02y (le o det)) 2
T M @ (¢ odet) and 7y is cuspidal.)

For all places u|l of Fy,

Rloe,, ~ "7 @ oo, 0@ e ed" e,

~ R,|GF1,1L :
For all places u { [ of F'y we have R'|G,, ~~ Rgy, . [Because we know that

ra(Tr)|Gr, , ~rlar, , and (Ind gif@’ﬂgﬁ,u ~ (Ind gZGHGFLu, the latter
because they are both unramified.]

We now apply Theorem with

F the present F},

[ as in the present setting,
n the present n?,

r the present R,

1 the present MTZ,Z(X)ellin(sFl/FlJr7
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e (m,x) the present (7, x1).
We conclude that R is automorphic of level prime to . By Lemma [2.1.1} r|g,,

is automorphic of level prime to [. Finally by Lemma 1.4 of [BLGHTQ9], r is
automorphic (of level prime to 1). O

4.2. Automorphy lifting: the potentially diagonal case.

In this section we will prove our main automorphy lifting theorem. It generalizes
Theorem from the ordinary case to the potentially diagonalizable case. It is
proved by combining Theorem and Propositions and

Theorem 4.2.1. Let F be an imaginary CM field with maximal totally real subfield
F* and let ¢ denote the non-trivial element of Gal (F/F*). Suppose that n € Z>,
and that | is an odd prime. Let

r:Gp — GL,(Q)

be a continuous irreducible representation and let T denote the semi-simplification
of the reduction of r. Let d denote the maximal dimension of an irreducible sub-
representation of the restriction of T to the closed subgroup of Gp generated by all
Sylow pro-l-subgroups. Also let

w:Gp+y — @IX
be a continuous character. Suppose that v and p enjoy the following properties:

(1) re=rVp.

(2) r ramifies at only finitely many primes.

(3) 7lap, is potentially diagonalizable (and so in particular potentially crys-
talline) for all v|l and for each embedding T : F — Q, it has n distinct
T-Hodge-Tate numbers.

(4) The restriction 7|y, is irreducible, | > 2(d+1), and ¢ € F'.

(5) There is a RAECSDC automorphic representation (m,x) of GL,(AF) such
that

(?7 ﬁ) = (?l,l(ﬂ)7?l,1(X)E;7n)'
Suppose further that
e cither m is 1-ordinary,
e or 7 has level potentially prime to | and r1,(7)|qy, is potentially di-
agonalizable for all v|l.

Then (r, ) is autormorphic of level potentially prime to l.

We remark that condition |3| of the theorem will be satisfied if, in particular, [ is
unramified in F' and r is crystalline at all primes above I, and HT(r) is contained
in an interval of the form [a,,a, + 1 — 2] for all 7 (the “Fontaine-Laffaille” case).
We also remark that the reason we can not immediately apply Proposition
to deduce this theorem is the last two parts of assumption [5] in Proposition
(i.e. roughly speaking r and r;,(m) may have different level or r ® 7 ,(7) may
have repeated Hodge-Tate weights). To get round this problem we use Proposition
to create two ordinary intermediate lifts of 7, one r; with similar behaviour
(‘level’) to r and one rp with similar behaviour to r,(7). We also ensure that
r1 @1 and ro ® 7, (m) are Hodge-Tate regular. Theorem tells us that if r9 is
automorphic so is 71. On the other hand Proposition [I.1.1] allows one to show that
ro is automorphic and that if r1 is automorphic then so is r.
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Proof. Using Lemma 1.4 of [BLGHT09] (base change) it is enough to prove the
theorem after replacing F' by a soluble CM extension which is linearly disjoint from
—ker 7T

F () over F. Thus we may suppose that

e F/FT is unramified at all finite primes;

e all primes dividing ! and all primes at which 7 or r ramify are split over
Ft:

e if u is a place of F above [ then F, contains a primitive I** root of unity,
and 7|g,,, and 7,(7)|g,, are trivial.

Let S denote the set of primes of F'™ which divide [ or above which 7 or 7 ramifies.
For each prime v € S choose once and for all a prime v of F' above v.

Note that p(c) = (—1) for all complex conjugations ¢ and that we may extend
T =2 7,(m) to a homomorphism

%Z GF+ — gn(Fl)

with multiplier 1.
Choose an integer m strictly greater than |h — h/| for all h and h’, Hodge-Tate
numbers for r or ry, (7). If 7: F < C set

H,={0,m,...,(n—1)m}.

Note that if u|l then both 7|¢,, and 7;,(7)|g,, have ordinary and crystalline lifts
1o @@ el(lfn)m with 7-Hodge-Tate numbers H|, for each 7 : F, < Q.

Applying Proposition we see that there is a continuous homomorphism
Tt GF+ — gn(@l)

lifting 7 and such that

e vor = el(l_n)mwl(n_l)mﬁ where 1 denotes the Teichmuller lift of ;

e if u|l then 7 |G, is ordinary and crystalline with Hodge-Tate numbers H,
for each 7 : F,, — Q;

e 7y is unramified outside S;

e and if v € S and v [l then |G, ~ 7ilcy. -

Suppose we are in the first case of assumption . Then Theorem tells us
that 7 is automorphic of level prime to I. Then Proposition [f.1.1] tells us that r is
automorphic of level potentially prime to [.

Suppose now that we are in the second case of assumption . Again applying
Proposition [3.:2.3] we find a continuous homomorphism

ry: Gpv — Go(Q))

|F

lifting 7 and such that

® voTy = el(l_n)mwl(n_l)(m_l)i where X denotes the Teichmuller lift of 77 ,(x);

e if u|l then 7%3|q,, is ordinary and crystalline with Hodge-Tate numbers H,
for each 7 : F,, — Q;

e 75 is unramified outside S;

e and if v € S and v fl then ry, ()]G, ~ T2lcy. -

|F

Suppose that ro = 77,(m2). As 72 is ordinary and my has level potentially prime
to [ we can conclude that 7o is 2-ordinary, and we are reduced to the first case of
assumption . O
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4.3. Lifting Galois representations II.

We now use the same idea that we used to prove Theorem to prove a
strengthening of Proposition [3.2.1

Theorem 4.3.1. Let n be a positive integer and | an odd prime. Suppose that F
is a CM field not containing ¢; and with mazimal totally real subfield F*. Let S be
a finite set of finite places of F'T which split in F and suppose that S includes all
places above 1. For each v € S choose a prime v of F' above v.

Let pp: Gp+ — @lx be a continuous, totally odd, de Rham character unramified
outside S. Also let

T GF+ — gn(Fl)

be a continuous representation unramified outside S with voF =i and 7 'G2(F;) =
Gr. Suppose that T‘Gmcl) is irreducible.

Let d denote the mazimal dimension of an irreducible sub-representation of the
restriction of T to the closed subgroup of G generated by all Sylow pro-l-subgroups.
Suppose that 1 > 2(d + 1).

Forv e S, let py : G, = GLn(Og,) denote a lift of%\GFa. If v|l we assume that
pv is potentially diagonalizable and that, for all T : Fy — Q, the multiset HT,(p,)
consists of n distinct integers.

Then there is a lift

r:Grr — Gn(Og,)
of ¥ such that

(1) vor=p
(2) if v e S then Flap ~ pv;
(3) r is unramified outside S.

Proof. We may suppose that for v € S with v I the representation p,, is robustly
smooth (see Lemma [1.3.2) and hence lies on a unique component C, of RE ~ ®Q,.

If v|l is a place of F™ then choose a finite extension K, / F over which p, becomes
crystalline, and let C,, denote the unique component of Rv

TG,

Pl g, {HTr (py)}, K, —cris 2Q
on which p, lies. Let & denote the Teichmuller lift of 7. Choose a positive integer
m which is greater than one plus the difference of every two Hodge-Tate numbers
of p, for every vll.

Choose a finite, soluble, Galois, CM extension Fj/F which is linearly disjoint

from erﬁ(g) over F' such that
for all u lying above S we have 7(Gr, ,) = {1};

for all u|l we have {; € Fy ;
. '“|GF . is crystalline above ;
1

if u[o|l with v € S then p,|g,, iscrystalline and p,|g, =~ wf”ee- - @pt)
with each 1/)1(") a crystalline C)haracter. )

If u[3]l with v € S, then for i = 1,...,n, we define ¥\ : Gp, ., — Q by
(W)U = bl .
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By Proposition there is a finite, Galois, CM extension Fy/F; linearly

disjoint from FlfkerF(Q) over I} and a RAECSDC automorphic representation
(72, x2) of GL,(AF,) such that

o Ti(m2) 2 7ay,

(n=1)m_(1-n)(m-1),

L Tl,z(XQ) = mGF;rwl € )

e 75 is s-ordinary and unramified above [;

o if 7: Fy < Q;, then HT, (1, (m2)) = {0,m,2m,...,(n — 1)m};
e 75 is unramified outside .S

[ ]

and if v fl is in S and if u is a prime of F> above v then ry,(m2)|Gn, , ~

p’U|GF21“'

In particular if u|l is a place of Fy then

rl,z(ﬂ'2)|Gp2m ~1® el_m B P El(l_n)m~

Choose a CM extension M /F5 such that
e M/F, is cyclic of degree n;

e M is linearly disjoint from err?(g) over F
e and all primes of F; above [ split completely in M.

Choose a prime u, of F» above a rational prime ¢ such that

e ¢ # [ and ¢ splits completely in M;
e T is unramified above q.

If v|ql is a prime of F, we label the primes of M above v as var1,. .., U,y SO that
(cv)nr,i = c(var,i). Choose continuous characters

such that

0,0 : Gy — Q,

e the reductions @ and & are equal;

00° = r1,(x2)e; " and 0'(0)° = ;
¢ and 0" are de Rham;
if 7: M — Q lies above a place vps;|l of M then HT,(0) = {(i — 1)m}

and HT, (8) = HT,,, (i),

6 and ¢’ are unramified at wg ar,; for ¢ > 1, but ¢ divides #6(Ip,
#0'(In,

) and

Yq,M,1

q,M,1)'

(Use Lemma 4.1.6 of [CHTO8] twice.)
Note the following:

o If u|l is a place of Fy and if K/F»,, is a finite extension over which 6 and

0’ become crystalline and 6 = ' become trivial, then

and

(Ind gfj 0)|GK ~ 1 D G;m B D El(lfn)m

GF. u u
(IndGifzel)lGK ~ ’(/}5 |F1)|GK D--- 691/]’51 ‘Fl)lGK'

o (Indg"20)° = (Ind "20)" @ry,(x2)e) " and (Ind ¢"20') = (Ind ¢20')Y @

L.
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e The representation

~ Gry, 5 ~ = Gry,7l
716y ey ® (Ind fo Dl rycy) = Tia(m2)|cp, ) ® (Ind fog NG ey,

is irreducible, and hence by Proposition [2.1.2]

~ Gry, 5
(Tlar, @ (Ind ¢,20))(Gryc))
is adequate.
[As |G, is irreducible, we see that the restriction to Gy, of any
. & Gry, 5
constituent of (¥|g,, ® Ind ;> Gy,
runs over some subset of Gal (M/F»). Looking at ramification above u, we

i f7 0
is a sum of ¥|ay )0 |G, 88 T

see that the %|GM(C >§T|GM(C,) are permuted transitively by Gal (M/Fy) and
hence (7 lgr, ®Ind fo 0)|cry(,) is irreducible.]

Let F3/F5 be a finite, soluble, Galois, CM extension linearly disjoint from

G
—kerInd Bfk
FQer B CrT(Q) over Fy such that

e fg o a0d are . are crystalline above [ and unramified away from /;
e MF3/F3 is unramified everywhere.

Then there is a RAECSDC automorphic representation (73, x3) of GL,2(AR,)
such that

o 11,(m3) 2 (11, (m2) @ Ind 0720 G

o 11.(x3) = pria(x2)er " ”6&/@;

e 73 is unramified above [ and outside S.
[The representation 3 is the automorphic induction of (ma) prr, @(¢'] |~ 1/20det)
to Iy, where r;,(¢') = 0'|gy,,. The first two properties are clear. The third
property follows by the choice of F3 and the fact that 79 is unramified above ! and
outside S.]

Let S denote the set of ¥ as v runs over S, let S denote the primes of F5~ above

S and 53 the primes of F3 above S. Ifve S3, let v denote the element of 53 lying
above it. For v € S3 with vﬂ (resp. v|l) let Cs, denote the unique component

of Rry (n)lcr, , © @t (0P Bry (r)ie, (5T, (n.(mo)la, cris © Q) containing

rl71(7r3)|GF3j. Choose a finite extension L/Q; in Q; such that

L contains the image of each embedding F3 «— Q;

L contains the image of u and of 6,

r1,(m3) is defined over L;

each of the components C, for v € S and Cs,, for v € S3 is defined over L.

Set

1—n

I Gry i, (X2)€;

5= Ind (9,7‘[7@()(2)6}_”) : GF2+ — G, (O1)

in the notation of section 1.1 of this paper and section 2.1 of [CHTO8]. Thus
vos =r,(x2)e " Forv e S (resp. v € S3) let D, (resp. Ds,) denote the
deformation problem for 7|g,_ (resp. Ti.(m3)|c Fs,i) over Oy, corresponding to C,
(resp. Cs.,). Also let

1\/1+7G1\/I

= (F/F*,8,8,0L,7 u,{D,})
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and
83 = (FS/F;_7 S37 SS» OLv?l,z(ﬂ_l%)a NTZ,Z(XQ)E}_n(SF;/Fsa {DS,U})-
There is a natural map
Runlv H Runlv

induced by 7"‘”“"|GF+ ® 5|GF+. [We must check that if u € S3 then run“’|GF3 ®
3 3

(Ind GF2 0)|GF € D3,. Let v = u|p+ and let va,c“ denote the universal lift of

Tlg. to RY ¢, - 1t suffices to show that pUDC |GF3,a ® (Ind gij 0)|GF3,a € D3 4.

Or r\c
For this, it suffices to show if p:Gr, = GL,(Og ) is a lift of 7|, lying on C,,
then plc,, ~ ® (Ind sz 0)|GF lies on C3,4. If w|l, then plg,, —~ (Ind gi{z )G,

and (Ind gij 0)\GF3717 ~ 7“1,1(7T2)|GFM and hence

G G
plar, , ® (Ind g7 0)lap, . ~ (ra(m2) @ Ind 20 G, . = 110(73)|G, -

If ufl, note that plG,, . ~ r1.(m2)|Gp, . (since p, is robustly smooth, we have
pv|GF3,ﬁ ~ p|GF3,a and pv|GF3, ~ rlz(']TQ)lGF ). By the choice of I3 we have

(Indgf\f@MGF o~ (Indgfj’G’ﬂGFM. Hence

Plae, . ® (A G20 gy, ~ (riu(m) ©nd 620 |ay, - 2 m(ms)lay, |
and we are done.] It follows from Lemma [1.2.2] that this map makes RYMY 4 finite
R“““’ module. By Theorem M R‘”“V is a finite Op- module and hence Ry
is a finite Op-module. On the other hand by Proposition Rg‘“" has Krull
dimension at least 1. Hence Spec Rgn“’ has a Q;-point. This pomt gives rise to the
desired lifting of 7. O

4.4. Change of weight and level.

In this section we combine Theorems and to obtain a general “change
of weight and level” result in the potentially diagonalizable case.

Theorem 4.4.1. Let F be an imaginary CM field with maximal totally real subfield
Ft. Let n € Z>y be an integer, and let | > 2(n + 1) be an odd prime, such that
¢ € F and all primes of T above | split in F. Let S be a finite set of finite places
of F'T, including all places above 1, such that each place in S splits in F. For each
place v € S choose a place v of F lying over v.

Let (m,x) be a RAECSDC automorphic representation of GL,(Ar) unramified
outside S and such that 7 ,(m) is irreducible. Suppose further that

e cither m s 1-ordinary,
e or 7 has level potentially prime to | and r1,(7)|c, is potentially diagonal-
izable for all vll.

|GF<<Z>

Let p : Gp+ — @IX be a continuous, de Rham character unramified outside
S such that T = Fl,z(x)Ell_". Forv e S let p, : Gp, — GLn(O@l) be a lift of
f‘Gp,j- If v|l, assume further that p, is potentially diagonalizable, and that for all
7: Fy — Q;, HT,(p,) consists of n distinct integers.

Then there is a RAECSDC automorphic representation (', x') of GL,(AF) such
that
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1) i (n’) =27 ,(7);

) (X ) " = s

) 7' has level potentially prime to l;
) 7 is unramified outside S;

) for v €S we have py ~ 1, (7")|Gp -

(
(2
(3
(4
(5

Proof. By Theorem there is a continuous homomorphism
r:Gp+ — gn(O@’)
such that

~

T1a(m);

is unramified outside .S}

vor=y

if v|l then 7|, is potentially crystalline;
e if v € S then Flg, ~ po.

T
,;:

By Theorem r is automorphic of level potentially prime to [ and our present
theorem follows (using local-global compatibility). [l

4.5. Potential automorphy II.

We can now turn to our main potential automorphy theorem for single l-adic
representations.

Theorem 4.5.1. Suppose that we are in the following situation.

(a) Let F/Fy be a finite, Galois evtension of CM fields; and let F+ and Fy
denote their mazimal totally real subfields.

(b) Let T be a finite set.

(¢) For each i € T let n; and d; be positive integers and l; be an odd rational
prime such that l; > 2(d; + 1) and (;, € F. Also choose 1; : @li = C for
each i € L.

(d) For eachi €T let p; : Gp+ — @lx be a continuous character.

(e) For each i € T let r; : Gp — GL,,(Q;,) be a continuous representation,
such that d; is the mazimum dimension of an irreducible constituent of
the restriction of T; to the closed subgroup of Gg generated by all Sylow
pro-l;-subgroups.

(f) Let F®vid) /F be a finite Galois extension.

Suppose moreover that the following conditions are satisfied for everyi € T.

(1) (Being unramified almost everywhere) r; is unramified at all but
finitely many primes.

(2) (Odd essentially self-duality) u; is totally odd and (r;, ;) is essentially
conjugate self-dual.

(3) (Potential diagonalizability and regularity at primes above [;) r; is
potentially diagonalizable (and hence potentially crystalline) at each prime
v of FT above l; and for each 7 : F — @l the multiset HT - (r;) contains
n; distinct elements.

(4) (Irreducibility) ’Fi|GF(<1,i) is irreducible.

Then we can find a finite CM extension F'/F and for each i € T a« RAECSDC
automorphic representation (m;,xi) of GLy,(Ap/) such that
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(i) F'/Fy is Galois,
(ii) F' is linearly disjoint from F@°) oper F,

)

)

(iil) m; is unramified above l;, and
()

v (Tli,h‘, (ﬂ-i)? Tl 04 (Xi)el,i ) = (T’,; |GF/ ’ .u’i|G(F/)+ )

We remark that by Lemma the hypothesis of potential diagonalizability will
hold if /; is unramified in F'*, and r; is crystalline at all primes vl|l;, and HT,(r;) is
contained in an interval of the form [a,, a, +1—2] for all 7 (the “Fontaine-Laffaille”
case).

Proof. By Proposition there is a finite CM extension F’/F and RAECSDC
automorphic representation (7}, x;) of GL,,(Ap+) such that
e F'/Fy is Galois;

F’ is linearly disjoint from FllikerTi
T 05 (ﬂ—;) = Fi|GF/;
Tl 0 (Xg)elli_ni = ,ui|G(F/)+§
7} is unramified above ;
m; is 1;-ordinary.
Then the current theorem follows from Theorem 2.1 O

F(aVOId) (CI—L lz) over F;

We can immediately deduce a version over totally real fields. For instance we
have the following.

Corollary 4.5.2. Suppose FT is a totally real field and n € Z>y. Suppose that
[ >2(n+1) is a rational prime.
Suppose also that
T GF+ — GLn(@l)

is an continuous representation and that
—X
J73 GF+ — Ql

is a continuous character. Let T denote the semi-simplification of the reduction of
r. Suppose that the following conditions hold.

(1) (Being unramified almost everywhere) r is unramified at all but finitely
many primes.

(2) (Odd essential self-duality) (r,u) is totally odd, essentially conjugate
self-dual.

(3) (Potential diagonalizability and regularity at primes above [) r is
potentially diagonalizable (and hence potentially crystalline) at each prime
v of F* above | and for each T : F — Q, the multiset HT,(r) contains n
distinct elements.

(4) (Irreducibility) 77|GF+(<Z> is irreducible.

Then there is a Galois totally real extension F*'/F* such that (rla,, . plc,, )
18 automorphic of level prime to [.

Proof. Choose F//FT atotally imaginary quadratic extension in which all the places

lying over [ split completely, and which is linearly disjoint from (er)ker ad7(¢}) over

F*. The representation r|g, satisfies the hypotheses of Theorem so that
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there is a finite Galois CM extension F’/F' such that (r|g,,,ulc,, ) is automor-
phic of level prime to I. By Lemma 1.5 of [BLGHTO9], (r|c,, ,#lc,, ) is also
automorphic of level prime to [, as required. [

Combining Theorem with Theorem we get a potential modularity
theorem for mod ! Galois representations which strengthens Proposition [3.3.1

Corollary 4.5.3. Suppose that we are in the following situation.

(a)

(f)
(2)

(h)

Let F/Fy be a finite, Galois extension of CM fields, and let T and FJ‘
denote their mazimal totally real subfields. Choose a complex conjugation
c€Gp+.

Let T be a finite set.

For eachi € T let n; and d; be positive integers and l; > 2(d; +1) be an odd
rational prime such that (;, ¢ F. Also choose 1; :@li 5 C for each i € T.

For each i € T let p; : Gp+ — @lx be a continuous, totally odd, de Rham
character.

For eachi €T letT; : Gp — GLy, (E) be an irreducible continuous repre-
sentation so that d; is the mazimal dimension of an irreducible constituent
of the restriction of T; to the closed subgroup of G generated by all Sylow
pro-l;-subgroups. Suppose also that (T;, ;) is essentially conjugate self dual
and that E—|GF<%) 1s 1rreducible.

Let S denote a finite Gal (F/F'T)-invariant set of primes of F including all
those dividing [],1; and all those at which some T; ramifies.

foreachieZ andv e S let p;, : Gp, — GL”i(O@zi) denote a lift of Ti| Gy,
such that pg ., = pilcp, va. If v|l; further assume that p; . is potentially
diagonalizable and that for each 7 : F, — @li the set HT(py;) has n

distinct elements.
Let F@void) /B be g finite Galois extension.

Then we can find a finite CM extension F'/F and for each i € T a« RAECSDC
automorphic representation (m;,xi) of GLy,(Ap/) such that

1)
2

w

(
(
(
(
(5
(6

)
)
4)
)
)

(7)

F'/Fy is Galois,

F' is linearly disjoint from F@vo) oyer F,

Tl (Trl) = Fi|Gp/ ;

Tl (Xi)elli_ni = Mi|G(F/)+ 2

m; has level potentially prime to l;;

if u is a prime of F' not lying above a prime in S thenry, ,,(m;) is unramified
at u;

if wis a prime of F' lying above an element v € S then 1y, ,, (wi)|GF’& ~

pU|GF1/L .

Proof. Note that (7;,7;|c,) extends to a continuous homomorphism 7; : Gp+ —
G, (Fy,) with v o7; = Ti; (see section . As in the proof of Proposition [3.3.1} we
may reduce to the case where all elements of S are split over F'". Then by Theorem
[4:373] we see that for each i € Z there exists a lift

ri: Gp — GLnl(O@)

of 7; such that

cn~ ..V, . .
=T /‘L7«|GF7
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o if v € S, then ri|g,, ~ piw;
e 71; is unramified outside S.
The result now follows from Theorem [.5.11
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5. COMPATIBLE SYSTEMS.

5.1. Compatible systems: definitions.

Let F denote a number field. By a rank n weakly compatible system of l-adic
representations R of Gg defined over M we shall mean a 5-tuple

(Mv S? {Qv(X)}v {TA}v {H‘F})

where

(1) M is a number field;

(2) S is a finite set of primes of F;

(3) for each prime v € S of F, Q,(X) is a monic degree n polynomial in M[X];
(4) for each prime A of M (with residue characteristic [ say)

X : GF — GLn(M)\)

is a continuous, semi-simple, representation such that
e if v ¢ S and v/l is a prime of F then r) is unramified at v and
rx(Frob,) has characteristic polynomial @Q,(X),
e while if v|l then 7)|g,, is de Rham and in the case v ¢ S crystalline;
(5) for 7: F < M, H, is a multiset of n integers such that for any M < My
over M we have HT (7)) = H.

We will refer to a rank 1 weakly compatible system of representations as a weakly
compatible system of characters.
We make the following subsidiary definitions.

e We define the usual linear algebra and group theoretic operations on weakly
compatible systems by applying the corresponding operation to each 7.
For instance

RY = (M, S {X"Qu(0) "' Qu(X O} {rX} {~H:}),

where —H, = {—h:h e H,;}.

e We will call R regular if for each 7 : F < M every element of H, has
multiplicity 1.

e We will call R extremely regular if it is regular and for some 7 : F' < M
the multiset H, has the following property: if H and H’ are subsets of H,
of the same cardinality and if ), ., h =3,y h then H = H'.

o If I is totally real and if n = 1 then we will call R totally odd if for some
place A of M we have ry(c,) = —1 for all infinite places v of F'. In this case
this will also be true for all places A of M.

o If Fis CM or totally real and if M = (M, S,{X — o}, {ur},{w}) is a
weakly compatible system of characters of Gp+ then we will call (R, M)
essentially conjugate self-dual if for all primes A of M the pair (ry, py) is
essentially conjugate self-dual.

e We will call R totally odd, essentially conjugate self-dual if F' is CM (or
totally real) and if (perhaps after extending M) there is a weakly compatible
system of characters M = (M, S, {X — a,},{pr}, {w}) of Gp+ such that
for all primes A\ of M the pair (ry, uy) is totally odd, essentially self-dual.

o We will call R irreducible if there is a set £ of rational primes of Dirichlet
density 1 such that for A|l € L the representation r is irreducible.
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o We will call R strictly compatible if for each finite place v of F' there is
a Weil-Deligne representation WD, (R) of Wg, over M such that for each
place A of M not dividing the residue characteristic of v and every M-linear
embedding ¢ : M < M the push forward (WD, (R) =2 WD (7|, )F.

e We will call R pure of weight w if

— for each v € S, each root a of Q,(X) in M and each ¢ : M — C we
have

ol = (#k(v))";

— and for each 7 : F = M and each complex conjugation c in Gal (M /Q)
we have

Hy={w—h: heH}

o We will call a R strictly pure of weight w if
— R is strictly compatible and for each prime v of F' the Weil-Deligne
representation WD,,(R) is pure of weight w in the sense of [TYQT] (see
the paragraph before Lemma 1.4 of that paper);
— and for each 7 : F' < M and each complex conjugation ¢ in Gal (M /Q)
we have

H.,={w—h: heH,}
e If 1 : M — C we define the partial L-function

Lo(R, s) = [ [ (#k(0)™ /1Qu (#K(0))*).

vgS

This may or may not converge. If R is pure of weight w then it will converge
to an analytic function in Re s > 1+w/2. If A|l and every place of F' above [
lies in S, then L°(+R, 5) depends only on 7y so, if 7 : My — C extends 7, we
will sometimes write L (iry, s) instead of L% (+R, s). This makes sense even
for r) not part of a weakly compatible system, provided that S contains all
primes above [ and all primes at which r) ramifies.

If R is strictly compatible then we can define the L-function

L(R,s) = [[ LGWD,(R),s)
'U/*/OO

which differs from L°(+R,s) only by the addition of finitely many Euler
factors.

e Suppose that R is strictly compatible, pure of weight w and regular. Also
let ¥ =[], ¥y : Ap/F — C* be the non-trivial additive character such that
if v is real then 1, (z) = €2™%; if v is complex then 1, (z) = e2™H@+ev),
while if v is p-adic then v, (z) = ¥p(tr g, /g, () where ¥|z, = 1 and
Yp(1/p) = e~ 27/P. Write Tr(s) = n~%/T'(s/2) and 'c(s) = 2(27) ~*T'(s) =
FR(S)FR(S + 1)

If v is an infinite place of F' define L(R|q,, ,w, s) to be

Te(s —w/2)™ if v is complex
Te(s —w/2)™/? if v is real and n even
Te(s —w/2)" D/ 2Tg(s — (w— 1+ (=1)*/?(det R(c,)))/2) if v is real and n odd,
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and define €(R|g,, ,w, vy, s) to be

1 if v is complex
in/2 if v is real and n even

i(n=(=1)"/?(det R(cs)))/2  if 4 is real and n odd.

(As {detry,} is a weakly compatible system of characters, detry(c,) = £1
is independent of A. We set det R(c,) = detry(c,) € {£1}. Also note that
by purity if n is odd and v real then w is even.)

Define

L({H, ), 5) = yErSrr =3 Encun Ih=u/2
1/2
(I oz nen, (s —w/2)(s + 1 = w/2) ... (s + |h —w/2| = 1 — w/2))
and
({H, ), 5) = iSrrerst Sner, Ih=0/2],
(Note that by purity each factor (s+4—w/2) occurs twice. Thus we define
the square root to be the corresponding product of linear factors where each
factor occurs half as often. Also note that by purity > . oo 77> e H, |m —
w/2| €Z. )
Finally we define the completed L-function

AGR,s) = LaR,s) | [[ L(Rlay,,w,s) | L{H:},5)

v|oo

and the epsilon factor

(1R, s) = H (WD (R), 1y, 5) H (Rlap, ,w, by, s) | {HF}, 9, s).

’U/i/OO v|oco

We remark that while the way we have chosen to phrase these definitions
may seem slightly non-standard, the final definitions of A(+R, s) and e(+R, s)
are the usual ones.

e We will call R automorphic if there is a regular, algebraic, cuspidal au-
tomorphic representation 7 of GL,(Ar) and an embedding ¢+ : M — C,
such that if v ¢ S then m, is unramified and rec(m,|det |7(Jl_")/2)(Frobv)
has characteristic polynomial +(Q,(X)). Note that in this case, for any
embedding ¢’ : M — C there is a regular, algebraic, cuspidal automorphic
representation 7’ of GL,,(AF), such that if v € S then 7} is unramified and
rec(m, | det |,(Jl_n)/ %)(Frob,) has characteristic polynomial o/ (Q,(X)). Also
note that if R is totally odd, essentially conjugate self-dual then 7 (and 7’)
is RAECSDC or RAESDC.

o If F'/F is a finite extension we define R|g,, to be the weakly compatible
system of representations of Gp:

(Mv S(F/)v {Q’S}F,)(X)}’ {TA‘GF/ }’ {H7(—F/)})7
where
— S&) s the set of primes of F’ above S;
_ H7(_F/) -

|
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F’ . . <1 s .
- QS )(X ) is the monic polynomial in M[X] of degree n with roots
alk@:k@IR)] as o runs over roots of Q. (X).

We remark that if (7, x) is a RAECSDC or RAESDC automorphic representation
of GL, (Ar) then {r;,(x)} is a strictly pure compatible system of some necessarily
even weight (because F'* is totally real), which we will write 2(w + 1 — n). Then

Caraiani has proved that {r; ()} is a strictly pure compatible system of weight w.
(See [Carl0].)

5.2. Compatible systems: lemmas.

Lemma 5.2.1. Suppose that R is a weakly compatible system of l-adic represen-
tations of Gp. Let Gy denote the Zariski closure of ry(Gr) in GL, /M) and let
Gg denote its connected component. Then there is a finite Galois extension F'/F
such that for all X the map Gr — Gx(My) induces an isomorphism Gal (F'/F) =
G\/GS.

Proof. The proof is the same as the proof of Proposition 6.14 of [LP92]. (One must
replace G by Gr, and p; by ry, and GY by GY; and Q, by My, and Q by M in
section 6 of [LP92]. These arguments are due to Serre.) O

Proposition 5.2.2. Suppose that R is a reqular, weakly compatible system of I-
adic representations of Gg defined over M. If s is a sub-representation of ry then
we will write s for the semi-simplification of the reduction of s. Also write [ for
the rational prime below A\. Then there is a set of rational primes L of Dirichlet
density 1 such that if s is an irreducible sub-representation of vy with \ dividing an
element of L then §|G,,, is irreducible.

Proof. Let G denote the Zariski closure of 7y (GFr) in GL,, /My, and let GSJ\ denote
its connected component. Let F! be the field defined in Lemma By the argu-
ment of Proposition VII.1.8 and Lemma 1.2.2 of [HT01] the regularity assumption
tells us that GY contains an element g whose characteristic polynomial has n dis-
tinct roots. As the images of Frobenius elements at primes which split completely
in F'/F are Zariski dense in GY we conclude that infinitely many Q,(X), for v
splitting completely in F'/F, have n distinct roots. Replacing M by the splitting
field of the product Q,(X)Q,(X) for two such v, v" with distinct residue charac-
teristic, we may suppose that for all \ the image r)(G 1) contains an element with
n distinct M) -rational eigenvalues. This implies that, perhaps after replacing each
rx by a conjugate, we may suppose that 7y : Gp — GL,(Oxr,») for all A If H is
an open subgroup of G, then the Zariski closure of r)(H) contains GY and hence
equals the Zariski closure of 7)\(HGp1). Thus the irreducible sub-representations
of x| equal the irreducible sub-representations of r)|g¢q,,. Further we see that
these irreducible sub-representations are all defined over M) and have multiplicity
1in 7). Again extending M if need be, we may also suppose that M/Q is Galois.
For a rational prime [ define

r=® @TA :Gr — GLijprq(Q)-
All

We will introduce the following notations and observations.
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Let GG; denote the Zariski closure of the image of ;. Write V; for the G-
module Qll'm[M:Q]. The image I'; of Gp in G;(Qy) is open and compact.
(See [Bog80].) The representations ¢; and ry for A|l can also be thought of
as representations of Gj.

Let G? denote the connected component of G, (a reductive group over Q)

—ker 0
and write I'? for I'; NGY(Q;). Then F = Frer(GroTy/TY)

l. (See Proposition 6.14 of [LP92].)

e Let G (resp. G4°r) denote the adjoint (derived) group of GY.

e Let Z; denote the connected centre of G? and let C; denote G¥/GS°r. Note
that ¢; factors through C;. Write C’l1 and le for the kernel of ¢; on C; and
Z; . We have exact sequences

is independent, of

0) = C} - C 3G, — (0)

and
0) = Z} = 72, 3 G,, — (0).

Again by [Bog80] we know that the image of Gro in C;(Q;) is open, and
as ( is abelian we conclude that the image of the product of the inertia
groups at the primes of F? above [ is open in C;(Q).

Let G}SC denote the simply connected cover of G?d, so that we have sur-
jective maps with finite central kernels G7¢ — G& — G3#4. There is
an integer A € Z-o such that #ker(G?¢ — G31)|A for all I. (Because
dim G7¢ is bounded independently of [, e.g. by (1 +n[M : Q])2.)

Set H, = G x Z; and H}! = GJ© x Z!. Then there is a surjective
map H; — GY with central kernel of order dividing A. (The kernel equals
ker(G$¢ — G24).) Then the cokernel of the map H;(Q;) — GY(Q;) is an
abelian group of exponent dividing A.

Let T} denote a maximal torus in G? which we assume to be chosen unrami-
fied whenever GY is unramified. Let T2 = T;/Z; and T = ker(T} — C;)°
and TP the connected preimage of T4 in GP¢ and TH = T°C x Z,. We
have natural embeddings X*(7;) — X*(T}') and X*(C}) < X*(Z;), both
with cokernel killed by A.

Let A C X*(T?!) C X*(T;) denote a basis for the root system of G;. If
€ X*(Z;) is a weight of V; then we can find m, s € Z for § € A such that
(1/A) > 5en M50, 1) is a weight of T on V;. Moreover the m,, s can be
bounded independently of I. (The bound will depend only on 1+n[M : Q].)
If v|l is a prime of F then there is an element vyt , € X.(7}) such that
for any algebraic representation p of G? defined over Q;, the Hodge-Tate
numbers of por|q_, are the (u,vaT ), where p runs over the weights of p
in X*(T;). (See section 1.2 of [Win86].)We see that for p € X*(7;) a weight
of T; on V; that (u,var,) is bounded independently of [ (and p and v).
We deduce that if 4 € X*(1}) is a root of G; then (u,vgr,) is bounded
independently of [ (and p and v). Finally if 4 € X*(Z)) is a weight of Z; on
V, then Ap € X*(C;) C X*(Z;) and thinking of Ay € X*(Cy) C X*(T}) we
see that (Ap, vur,,) is bounded independently of [ (and p and v). (Because
Ap = Ap' =3 5cp My 56 where pif is a weight of T; on Vi and the m,, 5 are
bounded independent of [ (and p).)
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e Let S denote the restriction of scalars from O ro to Z of G, and set S; =
S x Q. Also let S1 denote the kernel of the norm map S — G,, and
set S} = S1 % Q. Note that X*(S;) has a natural basis Hom (F°,Q,)
the set of field homomorphisms from F° to Q;. There is a homomorphism
0, : S; — C} such that the restriction of 8; to some open subgroup of g(Zg)
equals the composite of r; with the Artin map. (See sections ITI.1.2 and
I11.2.1 of [Ser68].) If r; is crystalline then this equality holds on all of S(Z;).
(Use the same argument as in sections II1.1.2 and II.2.1 of [Ser68], but
replace the appeal to the Theorem of section I11.1.2 of [Ser68] by an appeal
to Proposition 6.3 of [CCO09].) Moreover §; maps S; surjectively to Cj
(because 6;S(Z;) is open in C;(Q;)) and hence 6; also maps S} surjectively
to C}. If p € X*(C)) and o : F° < @, then the o Hodge-Tate number
of por equals the negative of the coefficient of ¢ when po 6, € X*(9;) is
expressed in terms of the basis Hom (F°,Q;). In particular if u € X*(Z;)
is a weight of Z; on V} then (Au) o0 = ], crom (F°.3)) o™ where my, o
is bounded 1ndependently of [ (and ,u) say by a constant B.

e If G is unramified let Zl, Zl , C, and C’l denote the tori over Z; with generic
fibres Zl, Zl7 Cl and C’l. Then Zl(Zl) (resp. Zl(Zl), Cl(Zl), Cl(ZZ)) is
the unique maximal compact subgroup of Z;(Q;) (resp. Z}(Q;), Ci(Qy),
C}(Qy)). In particular the image of I'? in C;(Q;) is contained in Ci(Zy).
Also the preimage of CN'Z(Zl) in Z;(Qy) is Z(Zl).

According to [Lar95] there is a set £ of rational primes of Dirichlet density 1
with the following properties.

e If [ € £ then [ is unramified in M and in F°, and R is unramified above
[ (i.e. no prime of F' above [ lies in the finite set Sg of bad primes). In
particular if [ € £ then r; is crystalline.

o If /e L then! > 4B + 4.

e If | € £ then GY is unramified. (See Section 3.15 of [Lar95].)

e If [ € £ then there is a semi-simple group scheme élsc /Z; with generic fibre
G}© such that the pre-image in Gf°(Q;) of the image in G (Q;) of Gpo
equals G$°(Z;). (See Theorem 3.17 of [Lar95).)

o If | € L then CNT'ZSC(Zl) is a perfect group. (Combine Proposition 2.6 of
[Lar95] with the fact that for [ > 3 the group élSC(IE‘l) is perfect (see for
instance section 1.2 of [Lar95]).)

e If [ € L, if Al is a prime of M, and if s; is an irreducible constituent of
r; thought of as a representation of GZSC then s; can be defined over M)
and extends to a representation s; of élsc over Oy x. Moreover, writing
51 for the reduction of 51, then §; is a standard irreducible representation
of élsc x k(A). (See sections (1.12) and (1.13) of [Lar95], where the term
‘standard’ is also defined.)

From now on we restrict to [ € £. Set H, = élsc x Z; and ﬁll = élsc X le. We
have the equality

(TP Zy(Z4)) N Im (H(Qi) — GP(Q1)) = Im (H;(Zy) — G (Q))).

[If g € GS°(Z;) then we can write g = vz in G;(Q;), where v € T? and z € Z;(Q)).
We see that the image of z in C;(Q;) lies in C;(Z;) and hence z € Z;(Z;). Thus the
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image of H;(Z;) in GO(Q,) is contained in I'V Z;(Z;). Thus the pre-image of I' Z;(Z;)
in H;(Qy) is a compact subgroup containing H;(Z;), which is maximal compact in

H;(Qy), and so in fact the pre-image equals f{l(Zl). The desired equality follows.]
Thus

Ty N Im (Hy(Z;) — G (Qi)) = ker(T) — (G(Q) /T (H;(Q1) — GY(Q1)))).

Call this group F?O. We see that F?o is an open normal subgroup of Flo and that
I'9/T99 is an abelian group of exponent dividing A. As élsc (Z,) is perfect the pre-
image of T in H;(Q) is of the form G$C(Z;) x I'Z, where I'Z is an open subgroup
of Zy(Zy). Also let I'¢ denote the image of I'Y in C;(Q;). The cokernel of the map
I'? — I'¢ (which equals the cokernel of the map I'?% — I'¢') is killed by A. Set
Flz’l =T#NZ} Q) and Flc’l =T NCHQ), so that FlZ’l is the pre-image of Flc’l
under I'Y — Flc. Again the cokernel of I‘ZZ’l — I‘lc’l is killed by A.

As G| acts by conjugation on GY it also acts on Z, Z, Ci, 5‘1, G, Ger, Glsc
and H;. As ¢ is a character of GG; the conjugation action of G; also preserves
Zl, Z}, ¢} and C}. In particular T% is normal in ;. If v € I'; then we see
that (YH,)(Z) = Hy(Z;) (both being the preimage of Z, ()T in Hy(Qy)), so that
"H, = H,. [Being a hyperspecial maximal compact H,(Z;) fixes a unique point
in the reduced building B of H;. Thus v = x. Thus (YH,)(Zy) = H;(Z) for all
r > 1 (as they are both equal to the stabilizer of  in H;(Q;-). This implies that
VHZ Hl, because the affine ring of each is the space of functions in Q;[H;] which
take integer values on H;(Z;) = (YH;)(Zy+) for all r. We thank Jiu-Kang Yu for
supplying us with this argument.] We conclude that Hl and H also have actions
of I'; compatible with the actions on H; and Hl

Now let s; and so denote two irreducible sub-representations of rA|GF0 ®qg, Q.
This is the same thing as being irreducible G?-submodules of V; ®q, Q;, or even
Hj-submodules. We see that s; and sy can be defined over M. Suppose that
§1|5§C(ZI)XFZZ,1 = §2|5?C(Zz)xl“,z’1’ then s1|m, = (s2 @ €f')|m, for some a € Z. [From
§1|5?C(Fz) = §2|§LSC(]F1) we deduce that 51 2 33 (see for instance the first paragraph
of section (1.13) of [Lar95]) and hence that s1|gsc = sz|gsc (see for instance the
last paragraph of section (1.12) of [Lar95] and recall that the §; are standard).
Write p; = s;|z, € X*(Z;) and let fi; denote its reduction modulo /. Then ﬂf 00, =
1, ctom (0,3, 0™ where m;, € Z and |m; »| < B. As ﬁ1|rlz,1 = ﬁ2|FzZ'1 we have

A pea = 4 |pea and thus for some b with (1 —1)/2 < b < (I — 1)/2 we have
1 1

ﬁf|rlc = (€?ﬁ§4)|rf~ As pf! and p4' are crystalline (as characters of Gro) we deduce

that
H FMe M2, — H Eb

o€Hom (Fo,Q") o€Hom (Fo,Q}")

on (Opo/D)*. T vl is a prime of FO choose an embedding o, FY < QI above
v. Then the embeddings of F? into Qp* are Frob; oo, for i =0,..., f, — 1 with
fo =[k(v) : F{]. Then

v

fo—1
Z (m1ﬂob’;oav - m2,Frob}oav)ll = b(lf“ —1)/(l = 1) mod (lf“ —1).

=0



58 THOMAS BARNET-LAMB, TOBY GEE, DAVID GERAGHTY, AND RICHARD TAYLOR

As (1 —-1)/2 < m1, —ma, < (I —1)/2 for all o, both sides lie in the range
(1 —=11%)/2,(1¥» —1)/2) and so

fo=1

Z (ml,Frob;?ocn, - mQ,Frob;oaU)ll = b(lfu - 1)/(l - 1)

i=0
Then we see that M1 Frobfor, — M2 Frobloo, = b mod ! and again using the bounds
on both sides we conclude that M1 Frobfoo, — M2 Frobfor, = b. Subtracting these
terms, dividing by [ and arguing recursively we see that

M1 Frobioo, — M2 Frobics, — b
for all . Thus
it o0 = (u3 0 0) @€
so that uf! = us'e? on C; and py = pp on Z}. The claim follows.]

We can think of s in the statement of the Proposition as a representation of
H; x T;. (The restriction of this representation to élSC(Zl) x I'Z C H)(Q;) equals
the composite of projection to I'%" with the restriction of the representation to
[7° C Ty.) As in section 1.12 of [Lar95] we see that there is a Ogur-lattice A in
$@r, QT which is invariant under H, (Ogar) (and hence also under I'?Y). Replacing
A by the sum of its I';/T'{%-translates we may assume that A is also invariant
under I';. Again as in section 1.12 of [Lar95] we see that s|m,«r, extends to a
homomorphism s : (f[l Xz, Opn) X Iy — GLg X Oppx. (Here d = dimss.)

Now let sp denote an irreducible I'{-submodule of s and let I'} denote the set of
v in I'; with s§ 2 5o, or what comes to the same thing (by regularity) sj = so C s.
Then sy extends to a representation of I‘ll and s = Ind Il:ilso. We may also think of

S as a representation of G?, or of H;, and Fll is the set of v € I'; with s} = sp as a
representations of H;. We obtain an integral model for sy by taking sg N O?V[A. As
[ is unramified in F° we see that [ : T'}] = [ker&r, : ker€|r:] and so

_ kcrEz\F _
~ l

S|GF(<1) - Indkera\rl 50-

l

We have seen that gO'éSC(Zl)XFZ’l is irreducible. If v € I'; and §0|C~;SC(Zl)><FZ’1 =]
l l l l

EO%SC(ZZ)xFZJ then s] = spef as representations of H; for some a. However as
1 l

has finite order in I';/T? we conclude that we must have a = 0 and so v € I'}. Thus

ker &|r, _

5|GF(CZ) = Indkcrélh,[l 0

is irreducible as desired. O

Lemma 5.2.3. Suppose that F' is a CM (or totally real) field; that R is a pure,
extremely reqular, weakly compatible system of l-adic representations of G defined
over M; and that M is a weakly compatible system of characters of G g+ defined over
M such that (R, M) is essentially conjugate self-dual. If F'/F is a finite extension
and if s is a sub-representation of ry|a,, for some prime X of M, then there is a CM
field F"" with F C F" C F' such that s is invariant by Ggn. Moreover, the pair
(s, pn) is essentially conjugate self-dual, and is totally odd, essentially conjugate
self-dual if (rx, py) is.
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Proof. Let F; denote the normal closure of F'/F*. Let 7 : F < M be an em-
bedding with the property that if H and H' are different subsets of H, of the
same cardinality then >,y h # Y,y h. Choose an embedding 71 : Fy < M
extending 7. Note that R is pure of some weight w.

If s; and sy are two G'p,-submodules of some 7/ of the same dimension we see
that s; = s if and only if HT, (s;) = HT,, (s2) if and only if HT,, (det s1) =
HT,, (det s2). (The first equivalence by regularity and the second by extreme regu-
larity. Note that in particular any irreducible submodule of ry/|g r, has multiplicity
1.)

For o € Gal (Fy/F*) write HT,, ((det s)?) = HT, o,-1(dets) = {h,}. As dets
is de Rham and pure of weight w dim s, we deduce that h, + h,. = wdim s for all
o € Gal(Fy/FT) and all complex conjugations ¢ € Gal (Fy/FT). Thus if ¢,c €
Gal (Fy/FT) are complex conjugations then hyer = h, and so 57 = 57, Let
H C Gal(Fy/FT) be the normal subgroup generated by all elements cc’ with
¢, € Gal(Fy/F*) complex conjugations. Then F” = (F;)7Gal(Fi/F) jg the
maximal CM sub-field of F’. Moreover if o € H then s? = s and so s extends to a
representation of Gg». Moreover if ¢ € Gal (Fy/FT) is a complex conjugation then
HT,, (det(ux(sY)¢)) = HTr o(det(ursY)) = {fwdims — h.} = {h1}. As px(sV)¢ is
also a constituent of ry, we see that s¢ = u,s" as representations of Grg». Let
v be an infinite place of F and ( , ), a pairing on M, as in the definition of
essential conjugate self-duality for the pair (ry,puy). Let Ay, € GL, (M) be the
symmetric or antisymmetric matrix corresponding to the pairing ( , ),. Then the
isomorphism s 2 pys" arises from the restriction of the matrix A , to s. The last
sentence of the lemma follows. O

5.3. Potential automorphy for weakly compatible systems.

In this section we prove a potential automorphy theorem for weakly compatible
systems of [-adic representations of the absolute Galois group of a CM or totally
real field.

Theorem 5.3.1. Suppose that F is a CM (or totally real) field and that R is an
irreducible, totally odd, essentially conjugate self-dual, reqular, weakly compatible
system of l-adic representations of Gg. Then there is a finite, CM (or totally real),
Galois extension F'/F such that R|q,, is automorphic.

Proof. The totally real case follows easily from the CM case and Lemma 1.5 of
[BLGHT09|, so we treat only the CM case. By Propositions and we
can find a set £ of primes A of M with Dirichlet density 1 so that for A € £ the
image 7\(Gp(,)) C GLy (F;) is adequate. Removing finitely many primes from £
we may also assume that for A € £ we have that [ is unramified in F' and 7y is
crystalline at all primes of F' above [ with Hodge-Tate numbers in a range of the
form [a,a 4 [ — 2]. Our theorem now follows by applying Theorem to 7y for
any A € L. O

Corollary 5.3.2. Keep the assumptions of the theorem.

(1) If 1 : M < C, then L°(+R,s) converges (uniformly absolutely on compact
subsets) on some right half plane and has meromorphic continuation to the
whole complex plane.
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(2) The compatible system R is strictly pure. Moreover
AR, s) = €(1R, s)A(RY,1 — s).

(3) If F is totally real, n is odd, and v|oco then trry(c,) = +1 and is independent
of \.

Proof. The strict purity follows from the theorem, the results of [Carl(] and the
usual Brauer’s theorem argument as in the last paragraph of the proof of Theorem
The convergence and meromorphic continuation and functional equation of
the L-function follow from the theorem and a Brauer’s theorem argument as in
Theorem 4.2 of [HSBT10]. The last part generalizes an observation of F. Calegari
[Cal09]. The theorem reduces the question to the automorphic case where it is the
main result of [Tay10]. O

As one example of the above theorem we state the following result.

Corollary 5.3.3. Suppose that K is a finite set of positive integers with the property
that the 2#X partial sums of elements of K are all distinct. For each k € K let fi,
be an elliptic modular newform of weight k + 1 without complex multiplication and
let mp, be the corresponding automorphic representation of GLa(A). Then there is
a totally real Galois extension F/Q and a RAESDC automorphic representation I1
of GLoxx (Ap) such that for all but finitely many primes v of F we have

rec(I1,| det |7(1172#’C)/2) = <® rec(y, |, | det |;|;/2)> ’ .
ke Wr,

In particular the ‘multiple product’ L-function L(X gexcmr, ) has meromorphic con-
tinuation to the whole complex plane.

Proof. Let M denote the compositum of the fields of coefficients of the fi’s. Let
A be any prime of M and let ri \ : Gg = GL2 (M) be the A-adic representation
associated to fi. Because fj, is not CM we know that 7 ) has Zariski dense image.
We will apply Theorem to the weakly compatible system

Qrea
K

The only assumption, which is perhaps not clear, is that this system is irreducible.
So it only remains to check this property.

Now let H denote the Zariski closure of ([[ 7x,1)(Gg) in GLa(M)* and let H
denote its image in PG Lo(M)*. Note that the projection of H to each factor is
surjective. As PG Ls is a simple algebraic group and all its automorphisms are inner,
H must be of the form PGLy(M )T for some set Z. Moreover we can decompose
K = l;ez Ki and the mapping H — PGLy(M )" is conjugate to the mapping
which sends the i*" factor of PGLy(Mx)* diagonally into [[;cc, PGLa(M)). If for
some i one had #/; > 1 then we would have ry y = v\ ® x for some k # k' in
K; and some character y. We can conclude that y is de Rham and then looking at
Hodge-Tate numbers gives a contradiction. Thus we must have H = PG Ly(M ,)*

— _ __o#K
and H D SLy(M,)*. As the tensor product representation of SLy(M)* on Mi
is irreducible we conclude that @), 7%, is also irreducible, as desired. O
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The next proposition will be useful in the next section. Its proof is the same as
the proof of Theorem [5.3.1] except that we must also appeal to Lemma to
ensure the needed conjugate self-duality.

Proposition 5.3.4. Suppose that F is a CM (or totally real) field; that R is a
pure, extremely regular, weakly compatible system of l-adic representations of Gp;
and that M is a weakly compatible system of characters of Gg+ such that (R, M)
is totally odd, essentially conjugate self-dual. Write vy = ra1 @ -+ @ 1y, with
each vy o irreducible. Then there is a set of rational primes L of Dirichlet density
1 such that if X is a prime of M lying above | € L, then there is a finite, CM (or
totally real), Galois extension F'/F and RAECSDC (or RAESDC) automorphic
representations (Ta, Xa) of GLy, (Apr) where ng = dimry o, such that, for each
a =1,...,jx the restriction v |G, is irreducible and (rl,,(ﬂa),6117""7“1,,()((})) =
(rxala, s ala,, ) (for somea: My 5 C).

Proof. The totally real case follows easily from the CM case and Lemma 1.5 of
[BLGHTO9|, so we treat only the CM case.

By Lemma [5.2.3] we see that for all A and a the pair (r) o, p) is totally odd,
essentially conjugate self-dual. By Propositions[2.1.2)and[5.2.2) we can find a set £ of
rational primes with Dirichlet density 1 so that for A|l € £ the image Tx o (G r(c,)) C
GL,, (F;) is adequate. Removing finitely many primes from £ we may also assume
that for A|l € £ we also have that [ is unramified in F' and ry is crystalline at all
primes of F' above [ with Hodge-Tate numbers in a range of the form [a,a +1 — 2].
Our Theorem now follows by applying Theorem to {7x oo for any Al € £ with

) —k o . _
F(avoid) equal to the compositum of the F T for @ = 1,...,jx. Then 7 ola,.

will be irreducible for o = 1,..., jx, and so 7 «|c,, will also be irreducible. O

5.4. Irreducibilty results.

We will first recall some basic group theory. If F' is a number field and [ is a
rational prime we will let GG, denote the category of semi-simple, continuous
representations of G on finite dimensional Q;-vector spaces which ramify at only
finitely many primes. If U, V and W are objects of GGr; with U W =2V oW
then U = V' (because they have the same traces). We will let Rep; denote the
Grothendieck group of GGg,. If V is an object of GGp; we will denote by [V] its
class in Rep - We have the following functorialities.

(1) The rule [U][V] = [U ® V] makes Repy; a commutative ring with 1.

(2) If 0 € GF then there is a ring homomorphism tr,, : Repp; — Q, defined by
tr,[V] =trolyv. If A € Repp, then the function o + tr, A is a continuous
class function Gp — Q. If A, B € Repp,; and tr; A =tr,B for all 0 € Gp
(or even for a dense set of o) then A = B.

(3) We will write dim for tr;. Then in fact dim : Repp; — Z and dim[V] =

(4) There is a perfect symmetric Z-valued pairing ( , )r; on Repy; defined by

([0), V)t = dimg, Hom g, (U, V).

If A=>3",n;[Vi] with the V; irreducible and distinct then (A4, A) = >, n?
In particular if A € Repp; and dim A > 0 and (A, A) =1 then = [V] for
some irreducible object V of GGp.
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(5) Suppose that G; and Gy are algebraic groups over Q, and that 6 : Gr —
G1(Q,) x G2(Q) is a continuous homomorphism with Zariski dense image.
Suppose also that p; and p) are semi-simple algebraic representations of G;
over ;. Then

([(pr ® p2) 2 8], [(p1 ® p) 0 O)) ru = ([p1 0 8], [} 0 O]) i ([p2 © O], [ 0 O]) -

(6) If 0 € Gg then there is a ring isomorphism conj, from Repy; to Rep, -1,
such that conj,[V] equals the class of the representation of G,-1p on V,
under which 7 acts by oo ~!. It preserves dimension, and takes ( , )g; to
(, )o-1ry- We have tr rconj, A = tr,,,-1A. Also if o € G then conj, is
the identity on Repp;.

(7) If F'/F is a finite extension then the formula resp: /p[V] = [V|q,,] defines a
ring homomorphism resgr/p : Repp; — Repp ;. Note that tr,resp /pA =
tr A (so in particular dimresp pA = dim A) and that conj, oresp//p =
€S, —1p/ /g—1F O CONj,.

(8) If F'/F is a finite extension there is a Z-linear map indg/r : Reppr; —
Repy; defined by indp/p[V] = [Ind & gr " V]. Note the following.

( ) tI‘UlndF’/FA ZTGGF/GF/ TOT™ 1€GF/ TUT*IA

(b) dimindp//pA = [F': F|dim A.

( ) lndF//F( (I'eSF//FB)) = (lndF//FA)B

(d) (1ndF,/FA B)py = (A,respi pB) 1. (By Frobenius reciprocity.)
(e) If F”/F is another finite extension then

reSF///F OindF//F = E ind(o-—IF/).F///F// OCOnjU OreSF/.(o.F//)/F/.
lol€eGp/ \GF/Ggn

(By Mackey’s formula.)

(f) If F'/F is a finite Galois extension then there are intermediate fields
F'/F!/F with F'/F! soluble; characters v; : Gal (F'/F]) — C*; and
integers n; such that

1= " niindp ]

in the Grothendieck group of finite dimensional representation of the
finite group Gal (F'/F') over C. (This is just Brauer’s theorem for

Gal(F'/F).) If ¢: @lx 5 C then applying +~ ! and multiplying by any
A € Repp,; we conclude that

A= Z niindFi//F([fl%]resFl{/FA).
Writing
Gp = ];I GrroijiGry
we see further that if

A=Y nindpy e i) B)

then
(A, A)py = Zuk n;n;
((conjo,, 0 1esry.our/m )07 il Bi) ves ot gy oy ey (31 Bi) ot ) oy
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(9) If S is a finite set of primes of F' including all those above [ we will say that
A € Repp is unramified outside S if we can write A = ), n;[V;] with each

V; unramified outside S. In this case, we can define, for each 2 : Q; = C,

LA, s) = [[ L5 Vi, 8)™

at least as a formal Euler product, which will converge in some right half
plane if each V; is pure (see the paragraph after Proposition 1.6 of [TY07]
for the definition of ‘pure’). This definition is independent of the choices
and we have

L(W(A+ B),s) = L°(1A,s)L° (1B, 5)
and )
Ls(zindF//FAs) =LY (14, s),
where S’ denotes the set of primes of F’ above S.

Our first result is not really an irreducibility result, but it uses similar methods so
we include it here. It is a generalization of results of Dieulefait [Die02] in dimension
2. The key ingredient is Theorem

Theorem 5.4.1. Suppose that F' is a CM (or totally real) field, that n is a positive
integer and that | > 2(n + 1) is a rational prime such that {; € F. Suppose also

that p : Gp+ — @IX is a continuous character and that r : Gp — GL,(Q,) is
a continuous representation. Suppose moreover that the following conditions are
satisfied.

(1) (Being unramified almost everywhere) r is unramified at all but finitely
many primes.

(2) (Odd essentially self-duality) (r, u) is totally odd, essentially conjugate
self-dual.

(3) (Potential diagonalizability and regularity) r is potentially diagonal-
izable (and hence potentially crystalline) at each prime v of F above | and
for each 7 : F — Q, the multiset HT,(r) contains n distinct elements.

(4) (Irreducibility) 7|c,,, is irreducible.

Then r is part of a strictly pure compatible system of l-adic representations of
Gr.

Proof. Let G denote the Zariski closure of the image of r, let G° denote the con-
nected component of G and let F? = FTAGO(QZ). By Theorem (or Corol-
lary we can find a finite Galois CM (or totally real) extension F’/F, which
is linearly disjoint from F Oer” over F', an isomorphism 2 : Q, = C, and a
RAECSDC (or RAESDC) automorphic representation (m,x) of GL,(Aps) such
that r;,(7) = r|g,,. Suppose that F D F” O F with F'/F" soluble, then by
Lemma 1.4 of [BLGHT09] there is a RAECSDC (or RAESDC) automorphic rep-
resentation (77", x(F")) of GL, (Ap~) such that ry,(7(F")) = G s -

Let I’ be a prime and let 2’ : Q, = C. Note that if 0 € Gp and if F/ D
F" > F"™ > F with F'/F" soluble then ry ,(n""))|g,, = 7y (xF")) and
rp g (w0 2 m/’lx(w("le”)). Let G/ (resp. GUF") 5 G') denote the Zariski
closure of () (resp. ry . (7F"))) and let (G')° (resp. (GF))0) denote the
connected component of G’ (resp. GF)). Tt follows from Lemma that
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Gal (FOF"/F") 5 G /(GE™)°. We deduce that GU) = G’ and that the
natural map
GF// — G/(@l) x Gal (F//F”)
has Zariski dense image. If we decompose 7,/ (7) into irreducibles as
P (1) = T2 ()1 @ - @ ()
then this induces a unique decomposition
TR (W(F/,)) = Tl',z/(ﬂ'(F”))l @D ”’,y(ﬂ-(F'/))t

with Tl',z/(W(FH))a|GF, = 1y (m)a. (Note that by regularity the ry (7)o are
pairwise non-isomorphic, as they will have different Hodge-Tate numbers.) We
deduce that if 0 € Gp and if F/ D F” D F"” > F with F'/F" soluble then
rlf,,r(ﬂ(FW))a|GF,, N Y (W(F”))a and rp . (W(F//))g &~ rl/),f(ﬁ("le”))a. Moreover

if py and py are representations of Gal (F'/F") over Q; then

(Irea (@5 )allpa], [rew (7 )l lp2)) e = (pal, lp2) o

Choose intermediate fields F}, characters v;, integers n;, and elements o, € G,
as in item 1@) above. Write Fjj, for (a;ﬂin’)FJ’ Then
1] = niindpy/plr (70 @ (i 0 Art gy o det))]
i

in Repp;. This motivates us to set

/

Ao =Y niindpyp(fre o (7FD)a][() 7 0 4bi]) € Reppy.

Note that
dim Ay 0 = an[le s Fldimry o (m)q = dimry o (7)q-

K2

Also note that
(Al’,z’,aa Al’,z/,oz)F,l’

Zi,j,k”inj
([ (@ EaD)J[(@) 77 G, ] [ (R F5390) G J[() T gl G, D it
Zi,j,k ninj([(ll)_leijk |GFijk]7 [(Zl)_lz/)ﬂGFijk])Fiij'

= (L,Dgr

= 1.

Thus Ay, o = [r1 v, for some irreducible continuous representation ry s o of Gp
on a Qp-vector space of dimension dimry ,/ (7). Set

Ty =Tr 1D - DTyt

We see that r;, = r and that

trrv (o) = Zni Z (") Ypi(ror= ) trry o (e FD) (ror ).

TEGF/GFZ(, TUT’IGGF{
Let v' denote a prime of F’ and set v = v'|p. By [Carl0], if v /I then

Z/WD(TZ’,Z’|GF// )Fﬁss = rec(ﬂ',,/ ® | det |S—n)/2)
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is pure in the sense of [TY07]. (See the paragraph before Lemma 1.4 of that paper.)
Hence ©WD(ry ./|c, ) is also pure. (See parts (1) and (2) of Lemma 1.4 of [TY(7].)
Moreover if o € Wg, then
tr Z/WD(T‘l/Jl |GF” )(0’)
= Jtr Ty o ((T)
et Gy rorrey, TOT O (D) ()
i i B F/ B

= S Srece/ay, rorey Gilror ree(ml, (o).
(Again by the main theorem of [Carl0].) If {” is another prime with v f/I” and if
2" : Q= C then we conclude that

WD(rv |Gy, )™ = 4" WD(riw |G, )™
As both are pure we conclude from part (4) of Lemma 1.4 of [TY07] that
z’WD(rl/,l/|GFU)FfsS = "WD(rp |G, )Ess,
Thus the ry ,» form a strictly pure compatible system. (Il

If (m,x) is a RAECSDC or RAESDC automorphic representation of GL,(Ar)
then we have remarked at the end of section that {r;,(m)} is a strictly pure
compatible system of even weight w. Then |x| = | [27'7%. If 7 has central char-

acter x, then we see that |y,| = | |T}(n717w)/2, and so ™ ® | det |%w+17n)/2 has a
unitary central character and so is unitary. If (7, x’) is a RAECSDC or RAESDC
automorphic representation of GL,,/(Ar) and if r;,(7") has weight 2(w’ +1 —n’)
and if S is a finite set of finite places of F' then
L3(m x (7)Y, s+ (w—w'+n' —n)/2)
= LE((mldet [ < (w] det [ )Y, 5)

is meromorphic and is holomorphic and non-zero at s = 1 unless

72 | det [ /2

in which case it has a simple pole at s = 1 (see [Sha81] and [JS&1]).

Theorem 5.4.2. Suppose that F is a CM (or totally real) field and that w is
a RAECSDC (or RAESDC) automorphic representation of GL,(Ap). If © has
extremely regular weight, then there is a set of rational primes L of Dirichlet density
1 such that if l € £ and 1v: Q; = C then ry,(m) is irreducible.

Proof. Let L be the set of rational primes of Dirichlet density 1 provided by Proposi-
tion applied to the compatible system {r; ,(7)}. Supposel € L and:: Q; = C.
Let

T1(m) = 71,,(7)1 @ - @1y (7);
be a decomposition into irreducibles. Let F'/F and 7, for a = 1,...,j be as in
Proposition for {ry »(m)} and (I,2). Let S denote the finite set of primes of
F which divide I or above which 7 ramifies or above which F’ ramifies. Then
ordy—; LY (R @ RY),s) = orde—y L% (7w x ©V,s) = —1.

We will show that ord,—; L%(2(R ® R"), s) also equals —j, and the theorem will
follow.
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Suppose that we are given an intermediate field F' D F” D F with F’/F" solu-
ble. By Lemma 1.4 (or 1.3) of [BLGHT09] there is a RAECSDC (or RAESDC) au-
tomorphic representation w&F ) of GL,, (Ap~) such that 1"171(77((,417 )) = r(m)ala -
Moreover ry,(7)al|G,.,, is irreducible. If ¢ : Gal (F'/F") — Q,' is a character then
orde=1 L% (171, (7) a |G s @ 71.0(7) §l G @ 1), 5)
ordemy LS (™) x ()Y % (1o 0 At ), s + (ng — o) /2)
_501,5511171

= —([rea(malc e[, I (m)slG o ) Fer s

where 0,3 = 1 if @ = 8 and equals 0 otherwise, and where d,; =1 if 9 =1 and
equals 0 otherwise. [Note that the 7T$F )| det |§,1,,_"”)/ ? have different weights so that
if 74| det |Epl,,_n”)/2 = ﬂ',(f ) det |1="v)/2(304p 0 Art pr o det) then v = 4. More-
over 11,(7)y |G, = 11.(7)5|a,, ® 9, and so, as ry,(7)|g,., is irreducible, ¢ = 1.
Similarly the r;,(7)4|q,,, have different Hodge-Tate numbers, so if r;,(7)|G,, =
71,.(7) |G @ 2 then v = /. Moreover as 7;,(7),|q,, is irreducible we see that
we also have ¢ = 1.] Thus

ords=1 LS (Z(TI,Z(W)‘GFH ® Tl,z(ﬂ)|éF// ® 1, 5)
= 7(I'G‘SF///F [Tl,z(ﬂ')] [w], resF///F [Tl,l(ﬂ—)])F”J'

Now let F/, n; and v; be as in part of the list at the start of this section.
Then

L5(1(R®RY),s) = H LS(z(rl7l(7r)|GFi, ® m(n)%F{ ® i, )™

and
ord,s—; L°(((R @ RY), 5)
= = ni([ilrespy pria(m)],respr plri(m)]) Fr
= = ni(indpp([Wilresrr pri(m)]), [ria(m)]) ra
= —([ra(m) [ra(m)])
= -1
as desired. O

Theorem 5.4.3. Suppose that F' is a CM (or totally real) field and that R is a
pure, totally odd, essentially conjugate self-dual, extremely regular, weakly compat-
ible system of l-adic representations of Gg. Then we can write R=R1 D - DR
where each R; is an irreducible, odd, essentially conjugate self-dual, strictly pure
compatible system of l-adic representations of Gp.

Proof. Choose a set L of rational primes of Dirichlet density 1 which simultaneously
works for Propositions and (The intersection of two sets of Dirichlet
density 1 has Dirichlet density 1.) Choose Al € £ such that ! is unramified in F'
and [ > 2(n 4 1) and r) is crystalline with Hodge-Tate numbers all in an interval
of the form [a,a + I — 2]. Decompose 7y into irreducible subrepresentations

TN =7Tx1D - DTxrj -
By Theorem each 7y o is part of a strictly pure compatible system R,. Let
F'/F and 7, for @« = 1,..., j, be as in Proposition for R and X\. Then R4 |q,,
is the compatible system associated to m,. Moreover m, is extremely regular. By

Theorem [5.4.2) there is a set £, of rational primes of Dirichlet density 1 such that
if M|l € L, then ro x|q,, is irreducible. Thus R, is irreducible. O
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