A GEOMETRIC PERSPECTIVE ON THE BREUIL-MEZARD
CONJECTURE

MATTHEW EMERTON AND TOBY GEE

ABSTRACT. Let p > 2 be prime. We state and prove (under mild hypotheses on
the residual representation) a geometric refinement of the Breuil-Mézard con-
jecture for 2-dimensional mod p representations of the absolute Galois group
of Qp. We also state a conjectural generalisation to n-dimensional represen-
tations of the absolute Galois group of an arbitrary finite extension of Qp,
and give a conditional proof of this conjecture, subject to the existence of an
inertial local Langlands correspondence and a certain R = T-type theorem to-
gether with a strong version of the weight part of Serre’s conjecture for rank n
unitary groups.

1. INTRODUCTION

Our aim in this paper is to revisit the Breuil-Mézard conjecture [BM02] from a
geometric point of view. Let us explain what we mean by this. First recall that
the Breuil-Mézard conjecture posits a formula (in terms of certain representation-
theoretic data) for the Hilbert—Samuel multiplicity of the characteristic p fibre of
certain local Z,-algebras, namely those whose characteristic zero fibres parameter-
ize two-dimensional potentially semistable liftings of some fixed continuous two-
dimensional Galois representation 7 : Gg, — GL2(IF), where F is a finite field of
characteristic p (the so-called potentially semistable deformation rings constructed
in [Kis08]). One way in which a local ring can have multiplicity is if its Spec has
more than one component: if its Spec is the union of n irreducible components,
each with multiplicities u; (i = 1,...,n), then the multiplicity of the entire ring
will be )", p;. Our goal is to both explain and refine the Breuil-Mézard conjecture
in these terms, by precisely identifying the irreducible components of the various
rings involved, in representation-theoretic terms, as well as to determine their mul-
tiplicities.

To be somewhat more precise, after recalling some background material in Sec-
tion [2 in Section |3| we consider the case of two-dimensional representations of G,
as introduced above. In this case the Breuil-Mézard conjecture is a theorem of
Kisin [Kis09a] (under very mild assumptions on 7), and we are able to strengthen
Kisin’s result so as to prove our geometric refinement of the conjecture. (We give a
more detailed description of our results in this case in Subsection below.) The
possibility of such an extension is strongly suggested by the recent paper [BMI11],
and our results may be viewed as a sharpening of the results of loc. cit. (see Remark
below). In Sectionwe propose an extension of the Breuil-Mézard conjecture,

The first author was supported in part by NSF grant DMS-1003339, and the second author by
NSF grant DMS-0841491.



2 MATTHEW EMERTON AND TOBY GEE

and of our geometric refinement thereof, to the case of n-dimensional representa-
tions of Gk, for any finite extension K of @, and any positive integer n. Finally,
in Section |5, we explain how the arguments of Section [3| may be extended to the
case of n-dimensional representations, so as to prove an equivalence between the
Breuil-Mézard conjecture (extended to the n-dimensional case) and its geometric
refinement, under the assumption of a suitable R = T-type theorem, together with
a strong form of the weight part of Serre’s conjecture for rank n unitary groups, and
an inertial form of the local Langlands correspondence. In an appendix we establish
a technical result that allows us to realize representations of local Galois groups as
restrictions of representations of global Galois groups that are automorphic.

1.1. Summary of our results in the case of two-dimensional represen-
tations of Gg,. We now explain in more detail our geometric refinement of the
original Breuil-Mézard conjecture. To this end, we fix a finite extension £ of Q,,
with ring of integers O, residue field F, and uniformizer 7. As above, we also fix a
continuous representation 7 : Gg, — GL2(IF), and we let RY(7) denote the universal
lifting ring of 7 over O. If m, n are integers with n > 0 and 7 is an inertial type de-
fined over E, then we may consider the subset of Spec R7(7)[1/p] consisting of those
closed points that correspond to lifts of 7 to characteristic zero which are potentially
semistable with Hodge—Tate weights (m, m +n+ 1) and inertial type 7. (We adopt
the convention that the cyclotomic character has Hodge-Tate weight 1, though we
caution the reader that this convention does not remain in force for the entire pa-
per; see Section for the precise conventions we will follow.) In [Kis08], Kisin
proves that there is a reduced closed subscheme Spec RH (m,n,T,7) of Spec RH (7)
such that this subset is precisely the set of closed points of Spec RP(m, n, 7, 7)[1/p)
The Breuil-Mézard conjecture addresses the problem of describing the characteris-
tic p fibre of Spec R™ (m, n,7,7), i.e. the closed subscheme Spec R™(m,n, 7,7) /7 of
Spec RY(7) /7. More precisely, the conjecture as originally stated in [BM02] gives a
conjectural formula for the Hilbert—Samuel multiplicity of this local scheme. This
conjecture was proved (under very mild assumptions on 7) in [Kis09a]. In this paper
we will prove a more precise statement, namely we will identify the underlying cy-
cle of Spec R™ (m,n, 7,7)/m; that is, we will describe the irreducible components of
this scheme, and the multiplicity with which each component appears. To explain
this more carefully, suppose first that A" is any Noetherian scheme. If Z is a closed
subscheme of X, and p is any point of X, then we may definethe (Hilbert—Samuel)
multiplicity e(Z,p) of Z at p to be the Hilbert—-Samuel multiplicity of the stalk
Oz . Suppose now that Z is equidimensional of dimension d. If a is a point of
X of dimension d (i.e. whose closure {a} is of dimension d), then the stalk Oz 4 is
either zero (if a € Z) or an Artinian local ring (if a € Z, i.e. if a is a generic point
of Z, or, equivalently, if W is an irreducible component of Z), and the multiplic-
ity e(Z,a) is simply the length of Oz 4 as a module over itself, a quantity which
can be interpreted geometrically as the multiplicity with which the component @
appears in Z. Since Z contains only finitely many generic points, the formal sum
Z(Z) =3 ,e(Z,a)a is well-defined as a d-dimensional cycle on X, and we refer to

Hn fact, in [KisO8] Kisin also fixes the determinant of the lifts that he considers, but we will
suppress this technical point for now.
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it as the cycle associated to Z. If p is any point of X', then one has the formula

(1.1.1) e(Z,p) =Y e(Z,a)e(({a}),p)

a

(where again the sum ranges over points a of dimension d), allowing us to compute
the multiplicity of Z at any point in terms of its associated cycle. We are interested
in the case when X := Spec R7(7)/7 (an 8-dimensional Noetherian local scheme)
and Z := Spec R®(m,n, ,7)/r for some m, n, 7. It is a theorem of [Kis08] that
each of these closed subschemes Z is equidimensional of dimension 5, and so we
may define the associated cycles Z(Spec RB(m,n,T, r_)/w). Using this construction,
we may in particular define a certain cycle on Spec RY(7) /7 attached to each Serre
weight of 7.

1.1.2. Definition. If ¢ is a Serre weight of 7, write o = oy, 5, := det™ Sym"Ff7 for
integers m, n such that 0 <n < p—1, and define C,, ,, := Z(Spec RP(m,n, 1, F)/ﬁ).
(To be unambiguous, one could insist that m is chosen so that 0 < m < p —
2. However, the subscheme Spec RP(m,n,1,7)/7 is in fact independent of the
particular choice of m used to describe o.)

The following proposition describes these cycles quite explicitly.

1.1.3. Proposition. Assume that the Breuil-Mézard Conjecture (i.e. Conjecture
below) holds for 7.

(1) If 7 is irreducible and oy, is a Serre weight of 7, then Cp,, consists
of a single component, which has multiplicity one at the closed point of
Spec RE(7) /.

(2) If omn is a Serre weight of ¥ such that n < p—2, orn=p—2 and 7 is
a non-split extension of distinct characters, then Cp,,, consists of a single
component, which has multiplicity one at the closed point of Spec RZ(7) /.

(3) If 7 is reducible and oy, is a Serre weight of ¥ with n = p — 1, so
m—+1
that F\Ip ~ (¥ 0 wt" , then if x is peu ramifiée then Cy, , is a sum

of two components, each having multiplicity one at the closed point of
Spec RE(F) /. If % is trés ramifiée then Cp, . is a single component, having
multiplicity one at the closed point of Spec RP(7)/x.

(4) If omn is a Serre weight of ¥ with n = p — 2 and T is split and p-
distinguished, then C, , is a sum of two components, each having mul-
tiplicity one at the closed point of Spec R7(F)/x.

(5) If om.n is a Serre weight of ¥ with n = p — 2 and T has scalar semisimpli-
fiction, then Cp, ,, consists of a single component.

(6) If om,n and op o are distinct Serre weights of 7, then Cp, n, and Cpyr s have
disjoint support, except if m = m/, n = 0 and n’ = p — 1 (possibly after
interchanging o, n and o nr), in which case Cy, , s equal to a component
Of Cm',n’-

We remark that by the results of [Kis09al, the hypothesis of the preceeding
proposition holds for most 7.
We make one more definition before stating our main theorem.



4 MATTHEW EMERTON AND TOBY GEE

1.1.4. Definition. Given integers a, b with b > 0 and an inertial type 7, let o(7)
denote the representation of GL2(Z,) associated to 7 via Henniart’s inertial lo-
cal Langlands correspondence, write o(a,b,7) := o(7) ® det® Sym°E?, and let
o(a,b, T)SS denote the semi-simplification of the reduction mod 7 of (any) GL2(Z,)-
invariant O-lattice in o(a,b, 7). (The representation so obtained is well-defined
independent of the choice of invariant lattice.)

We may now state our geometric refinement of the Breuil-Mézard conjecture.

(3 )

for any character x. Fix integers m, n with n > 0 and an inertial type T, and for
each Serre weight oy, , of 7, let ap, n, denote the multiplicity with which o, , appears

1.1.5. Theorem. Suppose that

as a constituent of o(a,b, T)SS. Then we have the following equality of cycles:

Z(Spec R(a,b, T, ) /m) = Z mnCrmn-

1.1.6. Remark. The usual form of the Breuil-Mézard conjecture, as stated in
[BM02] and proved in [Kis09a], can be recovered from this result by applying the
formula , and using the explicit description of the cycles Cp, , provided by
Proposition [1.1.

1.1.7. Remark. The hypothesis on 7 in Theorem [I.1.5]is slightly weaker than that
made in the analogous result in [Kis09al]. This is due to our use of potential modu-
larity theorems to realise local representations globally, which is more flexible than
the construction of [Kis09a] using CM forms. We remark that Pagkiinas has re-
proved Kisin’s results by purely local means under a similarly weakened hypothesis
on 7.

1.1.8. Remark. Theorem is proved via a refinement of the global argument
made in [Kis09a], and uses the local arguments of [Kis09al] (using the p-adic Lang-
lands correspondence) as an input. In particular, it does not give a new proof of
the usual form of the Breuil-Mézard conjecture.

1.1.9. Remark. In the recent sequel [BM11] to their paper [BM02], Breuil and
Mézard have constructed, for generic 7, a correspondence between the irreducible
components of Spec R™(a,b,7,7)/7 and the Serre weights. We show (in Subsec-
tion that this coincides with the correspondence ., , — Cpmn. (Note that
when 7 is generic in the sense of [BM11], each cycle Cy, ,, consists of a single com-
ponent.) Thus our results may be reviewed as a refinement of those of [BM11]. We
also note that in [BM11], the authors proceed by refining the local arguments of
[Kis09a], while (as already noted) in this note we proceed by refining the global
arguments of loc. cit. Thus the approaches of [BM11] and of the present note may
be regarded as being somewhat complementary to one another.

1.1.10. Remark. In the paper [GK1I], similar techniques to those of this paper
were used to prove the Breuil-Mézard conjecture for two-dimensional potentially
Barsotti-Tate representations of Gk, under the assumption that K/Q, is unram-
ified. The key additional ingredients which are available in that case, but not in
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general, are the automorphy lifting theorems for potentially Barsotti-Tate repre-
sentations proved in [Kis09b] and [Gee06], and the weight part of Serre’s conjecture
for rank two unitary groups proved in [BLGGII1b]. The arguments of the present
paper are in large part based on those of [GKI1], which in turn relies on the strat-
egy outlined in [Kisl0]; in particular, our implementation of the patching argument
for unitary groups is simply the natural adaptation of the arguments of [GK11] to
higher rank unitary groups.

1.2. Acknowledgments. The debt that the arguments of this paper owe to the
work of Mark Kisin will be obvious to the reader; in particular, several of our main
arguments are closely based on arguments from [Kis09a], [Kis10] and [GK11]. We
are also grateful to him, as well as to Christophe Breuil, for helpful comments on
an earlier draft of this paper. We would like to thank Florian Herzig for helpful
conversations about the representation theory of GL,, (F,), and Tom Barnet-Lamb
and David Geraghty for helpful conversations about the material in Appendix [A]

1.3. Notation. If K is a field, we let Gx denote its absolute Galois group. We
write all matrix transposes on the left; so ‘A is the transpose of A. Let ¢ denote the
p-adic cyclotomic character, and € = w the mod p cyclotomic character. We let @
denote the Teichmiiller lift of w. If K is a finite extension of Q,, for some p, we write
I for the inertia subgroup of Gx. We let ws denote a choice of a fundamental
character of Ip, of niveau 2. If R is a local ring we write mp for the maximal ideal
of R. If F is a number field and v is a finite place of F' then we let Frob, denote a
geometric Frobenius element of Gp,. If K is a p-adic field and p a continuous de
Rham representation of G over @p and if 7 : K — @p then we will write HT-(p)
for the multiset of Hodge—Tate numbers of p with respect to 7. By definition, if W
is a de Rham representation of G over @p and if 7: K — @p then the multiset
HT, (W) contains ¢ with multiplicity dim@p(W ®,.x K(i))¢%. Thus for example
HT,(e) = {-1}. We will use this convention throughout the paper, except in
Section [3] where we will use the opposite convention that e has Hodge-Tate weight
1. We apologise for this, but it seems to us to be the best way to make what we write
compatible with the existing literature. Let K be a finite extension of Q,, and let rec
denote the local Langlands correspondence from isomorphism classes of irreducible
smooth representations of GL, (K) over C to isomorphism classes of n-dimensional
Frobenius semisimple Weil-Deligne representations of Wi defined in [HT01]. Fix
an isomorphism 2 : @p — C such that 2| - |/2 is valued in Rso. We define the local
Langlands correspondence rec, over @p by 2 o rec, = rec o 1. This is independent
of the choice of 1. We let Artg : K* — WI“(b be the isomorphism provided by local
class field theory, which we normalise so that uniformisers correspond to geometric
Frobenius elements. We will write 1 for the trivial n-dimensional representation of
some group, the precise group and choice of n always being clear from the context.

2. BACKGROUND ON MULTIPLICITIES AND CYCLES

In this preliminary section we provide details on the notions of multiplicities and
cycles that we outlined in the introduction.

2.1. Hilbert—Samuel multiplicities. Recall that if A is a Noetherian local ring
with maximal ideal m of dimension d, and M is a finite A-module, then there is
polynomial P{}(X) of degree at most d (the Hilbert-Samuel polynomial of M),
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uniquely determined by the requirement that for n > 0, the value P;}(n) is equal
to the length of M/m"*1M as an A-module.

2.1.1. Definition. The Hilbert—Samuel multiplicity e(M, A) is defined to be d!
times the coefficient of X< in P{}(X). We write e(A) for e(A, A).

Note in particular that if A is Artinian, then e(M, A) is simply the length of M
as an A-module.

2.2. Cycles. Let X be a Noetherian scheme.

2.2.1. Definition. (1) Let M be a coherent sheaf on X, and write Z to denote
the scheme-theoretic support of M (i.e. Z is the closed subscheme of X’ cut
out by the annihilator ideal Z C Ox of M). For any point € X, we write
e(M, z) to denote the Hilbert—Samuel multiplicity e(M,, Oz ;).

(2) If Z is a closed subscheme of X, then we write e(Z,z) := e¢(Oz, ) for all
z € X. (Note that Z coincides with the scheme-theoretic support of Oz,
and so by definition this is equal to the multiplicity e(Oz ,) of the local
ring Oz , if © € Z, and zero otherwise.)

2.2.2. Remark. In some situations the multiplicity e(M, ) is particularly simple
to describe.
(1) If = does not lie in the support of M, i.e. if M, =0, then e(M,x) = 0.
(2) If z is a generic point of the scheme-theoretic support Z of M (so that
Oz is an Artinian ring), then e(M, z) is simply the length of M, as an
Oz z-module.

2.2.3. Definition. (1) We say that a point = € X is of dimension d, and write
dim(z) = d, if its closure {x} is of dimension d.
(2) A d-dimensional cycle on X is a formal finite Z-linear combination of points
of & of dimension d.
(3) We write X > 0 if X is in fact a Z>p-linear combination of points of X of
dimension d, and we write X > Y if X — )Y > 0.

2.2.4. Definition. If Z = Z n,x is a d-dimensional cycle on X, then for any
dim(z)=d
point y € X, we define the multiplicity e(Z,y) via the formula

e(Zy) = Y, nee({z}y).

dim(z)=d
(Here {x} denotes the closure of the point z.)

2.2.5. Definition. (1) If d > 0 is a non-negative integer, and M is a coher-
ent sheaf on X whose support has dimension < d, then we define the d-
dimensional cycle Z4(M) associated to M as follows:

Zg(M) = Z e(M, z)x,
dim(z)=d
where, as indicated, the sum ranges over all points of X of dimension d.
(Our assumption on the support of M ensures that any point of dimension
d lying in the support M is necessarily a generic point of that support, and
there only finitely many such points lying in the support of M. Thus all
but finitely many terms appearing in the definition of Z;(M) vanish, and
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so it is in fact well-defined. Note also that, if we let Z denote the scheme-
theoretic support of M, then by Remark the multiplicity e(M, ) is
simply the length of M, as an Oz z-module.)

(2) If the support of M is finite-dimensional of dimension d, then we write
simply Z(M) := Zz(M).

(3) If Z is a closed subset of X, then we write Z4(Z) := Z4(Oz), and denote
this simply by Z(Z) if Z is finite-dimensional of dimension d.

2.2.6. Remark. If Z is equidimensional of some finite dimension d, then Z(Z)
encodes the irreducible components of Z, together with the multiplicity with which
each component appears in Z.

2.2.7. Lemma. If0 - M - M — M"” — 0 is an exact sequence of coherent
sheaves on X, such that the support of M is of dimension < d (or equivalently,
such that the supports of each of M’ and M" are of dimension < d), then

Zay(M) = Zy(M') + Zy(M").

Proof. Let Z (resp. Z" and Z") denote the support of M (resp. of M’ and M"), so
that Z = Z'UZ". As already noted in the statement of Definition [2.2.5] if € X is
of dimension d, then e(M, z) (resp. e(M’, x), resp. e(M”",z)) is simply the length
of M, as an Oz z-module (resp. the length of M’ as an Oz ,-module, resp. the
length of M/ as an Oz~ ,-module). Since each of Oz, and Oz~ , is a quotient
of Oz ;, the claimed additivity of cycles follows from the additivity of lengths in
exact sequences. O

We now prove formula (|1.1.1]) stated in the introduction.

2.2.8. Lemma. If M is a coherent sheaf on X with support of dimension d, and if
Z(M) is the cycle associated to M, then for any point y € X, we have the formula

e(My) = e(2(M),y).
Proof. This follows immediately from Theorem 14.7 of [Mat89]. O

We now establish a cycle-theoretic version of [Kis09al Prop. 1.3.4], whose proof
follows the same lines as the proof of that result.

2.2.9. Lemma. Let X be a Noetherian scheme of finite dimension d, and let f €
Ox(X) be regular (i.e. be a non-zero divisor in each stalk of Ox). If M is an
f-torsion free coherent sheaf on X which is supported in dimension d — 1, then
M/ fM is supported in dimension d — 2.

Proof. Since M is f-torsion free, no generic point of Supp(M) is contained in V().
Thus Supp(M/fM) is of dimension < d — 2, as claimed. O

2.2.10. Lemma. Let X be a Noetherian integral scheme of finite dimension d, and
let f € Ox(X) be non-zero. If M is an f-torsion free coherent sheaf on X which
is generically free of rank one, then Zg_1(M/fM) = Z(V(f)).

Proof. Let z be the generic point of X, and i, : Spec k(z) — X the canonical map.
By assumption M, is one-dimensional over k(x), and so we may find a morphism
of quasi-coherent sheaves M — (i, )«k(z) whose kernel M’ is torsion. The image
M of this morphism is a coherent subsheaf of (i,).x(x), and hence is contained
in an invertible sheaf £. Let £’ denote the cokernel of the inclusion M” < L.
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Consider first the exact sequence
0> M - M- M"—0.
All the terms in this sequence are f-torsion free, and so
0> M/fM = M/fM— M'JfM" =0

is again exact. Lemma shows that Z4_1(M'/fM') = 0, and Lemma [2.2.7]
then implies that

(2.2.11) Zg 1 (M) fM) = Zy_r (M FM").

Next consider the exact sequence 0 — L'[f] = L' — L' — L'/ fL" — 0. Since all
the terms in this exact sequence are torsion, and so supported in dimension d — 1,
we see from Lemma that

(2:2.12) Za-(L'[f]) = Za—1 (L] £L).

Finally, consider the exact sequence 0 — M"” — £ — L' — 0. The first two
terms in this sequence are f-torsion free, and so it induces an exact sequence
0— L'[f] = M"/fM" — L/fL — L'/fL" — 0. Again applying Lemma [2.2.7]
together with (2.2.12)), we find that Zy_1(M"/fM") = Z4_1(L/fL). Combining
this with ether with the fact that £ is an invertible sheaf, we find that
Zg1(M/fM) = Z(V(f)), as required. O

2.2.13. Proposition. Let X be a Noetherian scheme of finite dimension d, and
f € Ox(X) be regular (i.e. be a non-zero divisor in each stalk of Ox). If M is
an f-torsion free coherent sheaf on X, and if Zy(M) = Zdim(x):d nzx, where, as
indicated, © runs over the d-dimensional points of X, then the support of M/ fM
has dimension < d — 1, and

ZaaaM/fM) = Y neZaa ({2} V().

dim(z)=d

Proof. We argue by induction on the quantity n := ) 4 ._,%z, with the case
when n = 0 being handled by Lemma Suppose now that n is an arbitrary
positive integer, and choose z of dimension d such that n, > 0. We may then find a
non-zero surjection M, — k(z) (since by definition n, is the length of M), which
induces a non-zero map of quasi-coherent sheaves M — (i )«k(x) (where i, is the
canonical map Spec k(z) — X). Let M’ denote the kernel of this map, and M" its
image, so that the sequence 0 - M’ — M — M"” — 0 is exact.

The sheaf M’ is f-torsion free (since it is a subsheaf of M) while the sheaf
M" is f-torsion free, supported on m, and generically free of rank one over this
component (being a non-zero coherent subsheaf of (i;).«x(x)). Thus we obtain a
short exact sequence

0= M/fM = M/fM— M")fM" =0,
and Lemmas and 2.2.10] show that
Zg A(M/fM)=Zg ;(M M)+ Zg_1(M" ] fM")
= Zga(M'J M) + Zg_i ({z} NV (£)).
The proposition follows by induction. [
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We close this section with a result about the product of cycles. In fact, we will
need to apply such a result in the context of a completed tensor product of complete
Noetherian local k-algebras, for some field & (which is fixed for the remainder of
this discussion), and so we restrict our attention to that particular context.

Note that if A and B are complete Noetherian local k-algebras, and if p and q
are primes of A and B respectively, such that A/p is of dimension d and B/q is
of dimension e, then A/p®;B/q is a quotient of A®;B of dimension d + e. Hence
Spec A/p@kB/q is a closed subscheme of Spec AR B of dimension d + e, and we
write

Z(Spec A/p) x Z(Spec B/q) := Z(Spec A/p&1,B/q),

and then extend this by linearity to a bilinear product from d-dimensional cy-
cles on Spec A and e-dimensional cycles on Spec B to d + e-dimensional cycles on
Spec ARy B.

If M and N are finitely generated A- and B-modules respectively, giving rise to
coherent sheaves M and A on Spec A and Spec B respectively, then the completed
tensor product M®,N gives rise to a coherent sheaf on Spec A®jB, which we
denote by MXN.

2.2.14. Lemma. In the context of the preceding discussion, if the support of M
and N are of dimensions d and e respectively, then the support of MXN is of
dimension d + e, and

Zare(MRN) = Zy(M) x Z,(N).
Proof. The proof is standard. O

3. THE GEOMETRIC BREUIL-MEZARD CONJECTURE FOR TWO-DIMENSIONAL
REPRESENTATIONS OF GQp

In this section we explain the Breuil-Mézard conjecture in its original setting,
that of two-dimensional representations of Gg,, and state our geometric version.
We then recall some of the details of the proof of the original formulation of the
conjecture from [Kis09a)], and show that the proof may be extended to prove the
geometric version. The one difference from Kisin’s notation and that of the present
paper is that we prefer not to fix one of the Hodge—Tate weights of our Galois rep-
resentations to be 0; this makes no essential difference to any of the arguments, but
the additional flexibility that this notation gives us is convenient in the exposition.
We remind the reader that in the section, our conventions for Hodge-Tate weights
are that ¢ has Hodge—Tate weight 1.

3.1. The conjecture. We begin by recalling some notation from [Kis09al. Fix a
prime p > 2, a finite extension F/F,, and a continuous representation 7 : G, —
GL2(F). Let E be a finite totally ramified extension of W (F)[1/p] with ring of
integers O and uniformiser 7, assumed sufficiently large; in particular, we assume
that #F > 5, so that PGLy(F) is a simple group. Let 7 : Ig, — GL2(E) be an
inertial type, i.e. a representation with open kernel which extends to Wg,. Fix
integers a, b with b > 0 and a character ¢ : Gg, — O such that e = det 7. We
will also write ¢ for the character (A®)*/F* — O* corresponding to ¢ via class
field theory, normalised as in Section We let RP¥(a,b,7,7) and R (a,b,7,7)
be the framed deformation O-algebras which are universal for framed deformations
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of 7 which have determinant e, and are potentially semistable (respectively po-
tentially crystalline) with Hodge—Tate weights (a,a+ b+ 1) and inertial type 7. As
in Section 1.1.2 of [Kis09al, we let o(7) and o (7) denote the finite-dimensional
irreducible E-representations of GLy(Z,) corresponding to 7 via Henniart’s iner-
tial local Langlands correspondence, we set o(a,b,7) = (1) @ det” Sym®E? and

(a,b,7) = 0 (1) @p det® Sym’E?, and we let Ly, (respectively L, ;) be a
GL3(Z,)-stable O-lattice in o(a, b, 7) (respectively o (a, b, 7)). Write oy, ,, for the
representation det™ @Sym"F? of GLy(F,), 0 <m <p—2,0<n <p-—1,so we
may write

(Laqb,‘r R0 F)SS % @m,nagﬁlﬁnv

and
or

~ gy n
(Lzrb T ®o F)SS ? EB’m nOm,mn »

for some integers am, n, ay, Then the Breuil-Mézard conjecture is the following.

mn

3.1.1. Conjecture. There are integers iy, »(7) depending only on m, n and 7 such
that for any a, b, T,

(RDw(abTT/W Zamn#mn

and

e(R‘C:'r’ (a,b,7,7)/7) = Zam b (T

m,n

3.1.2. Remark. Note that if the conjecture is true for all a, b, 7, then we must
have iy, o (7) = e(RI¥ (m,n,1,7)/7), so all the values ji, ,(7) are determined by
the crystalline deformation rings in low weight.

3.1.3. Remark. Conjecture was proved in [Kis09a] under the additional as-

sumptions that 7 ¢ for any x, and that if 7 has scalar semisimplification

wX

0
then 7 is scalar.

We may now state our geometric version of the Breuil-Mézard conjecture.

3.1.4. Conjecture. For each 0 <m <p—-2,0<n <p—1 there is a cycle Cp, n,
depending only on m, n and T such that for any a, b, T,

(me(abrr/ﬂ Zamn S

and

Z(RZY(a,b,7,7)/7) = Zamn mon-

3.1.5. Remark. Note again that if the conjecture is true for all a, b, 7 then we
must have Cp,., = Z(RSY (m,n, 1,7)/7).

The following is our main result towards Conjecture

3.1.6. Theorem. If7 (WOX ;) for any x, then Conjecture (3.1.4] holds for 7.
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3.2. The proof of Theorem [3.1.6| via patching. In this subsection we present
the proof of Theorem [3.1.6] To this end, we fix a continuous representation 7 :
Gq, — GL2(FF). We begin by realising this representation as the restriction of a
global Galois representation, by a similar (but simpler) argument to those of Section
5 of |[GK11].

3.2.1. Proposition. There is a totally real field F and a continuous irreducible
representation p : Ggp — GLo(F) such that
(1) p splits completely in F;
2) p is totally odd;
) p(Gr) = GLo(F);
) ifvtpis a place of F then pla,, is unramified;
) if vlp is a place of F' then plg,, =T;
) [F: Q) is even;
) P is modular.

(
(3
(4
(5
(6
7

(

Proof. By Proposition 3.2 of [Call0], we may find F' and p satisfying all but the last
two conditions. By Proposition 8.2.1 of [Sno09], there is a finite Galois extension
F'/F in which all places above p split completely such that p|g,, is modular.
Making a further quadratic extension if necessary to ensure that [F’ : Q] is even,
and replacing F' with F’, we obtain the required result. ([

For the remainder of the subsection, we follow the arguments of [Kis09a, §2.2]
very closely, and we do our best to conform with notation used there.

We choose a finite set S of finite places of F', containing all the places v|p and at
least one other place. Using [Kis09al Lem. 2.2.1], we can and do choose S so that
conditions (1)—(4) of [Kis09al §2.2] hold.

We denote by D the quaternion algebra with centre F' which is ramified at all
infinite places of F' and unramified at all finite places (so the set X considered in
[Kis09al §2.1.1] is empty). We fix a maximal order Op of D, for each finite place
v we choose an isomorphism (Op), — M>(OF,), and we define U = [], U, C
(D ®r A%)* to be the following compact open subgroup of [[, (Op)J: if v[p or
v ¢ S then U, = (Op)), while if v € S but v { p, then U, consists of the matrices
which are upper-triangular and unipotent modulo w,, where w, is a uniformiser
of F,. The subgroup U is sufficiently small in the sense of [Kis09al, §2.1.1].

We write X, for the set of places v|p of F (since ¥ is empty, this is consistent with
[Kis09a]). For each v|p, we let R (5|, ) denote the universal framed deformation
O-algebra for p|g,, with determinant e, and we define

Ry = ®U|p,ORE7w(ﬁ|GFU )[[‘Tlv s 71'9“3
where z1,...,z, are formal variables, and the integer g is chosen as in [Kis09al
Prop. 2.2.4].
For each place v|p of F, we choose integers a,, b, with b, > 0, together with an
inertial type 7,, and let * be either cr or nothing (the same choice of * being made
for all v|p). We assume that 2a, + b, is independent of v. We writeﬂ

R/OO = ®v|p,OR*D’w(a/va b’ua Tv7ﬁ‘GFv )Hxla R 7xg]]'

2The ring R/ is denoted Roo in [Kis09a)]. It of course depends upon the particular choices of
av, by, Tv and #, although (following [Kis09a]) we do not indicate this in the notation.
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It we write Wy := ®y,L; . ., then W is a finite free O-module with an
action of [],, GL2(OF,), and the quotient W, /mW, is then a representation of
Hv‘p GL3(Op,) over F. Fix a Jordan—Holder filtration

0=LyC---CLs=W,/7W,
of W, /aW, by Hv‘p GL2(Op, )-subrepresentations. If we write o; := L;/L;_1,
then o; = ®,, det™" Sym"™F? for some uniquely determined integers m,; €
{0,...,p—2} and n,; € {0,...,p—1}.

The patching construction of [Kis09al § 2.2.5] then gives, for some integer denoted
by h + j in [Kis09a], and formal variables y1, ..., Yn+;,

o an (R._,O[[y1,.-.,Yn+;]])-bimodule M, finite free over O[[y1,. .., Yn+;l]s
and
e a filtration of My, /7M., say

0=M2 cML C---C M =M,/rtM,,

such that each M /M is a finite free F[[y1, ..., yn+j]]-module, and such
that
e the isomorphism class of Mi /M;1 as an (Roo, F[[y1, - - ., Yn+;]])-bimodule

depends only on the isomorphism class of o; as a Hv|p GL2(OpF, )-module,
and not on the choices of a,, b, and 7,. (It is immediate from the finiteness
argument used in patching that this can be achieved for any finite collection
of tuples (ay,by,Ty), and since there are only countably many tuples, a
diagonalization argument allows us to assume independence for all tuples.)

For any Serre weight o, ,,, we now define
P (F) 1= e(R2Y (m,n, 1,7) /)

and
Com := Z(REY (m,n,1,7) /7).

Proof of Theorem[3.1.6] Fix a, b, 7 and *, and set a, = a, b, = b, 7, = 7 for each
v|p. Lemma 2.2.11 of [Kis09a] (together with its proof) shows that e(R. /m) >
e(Moo /T Moo, R, /7), and the following conditions are equivalent.

(1) My is a faithful R/ _-module.

(2) My is a faithful R,_-module which has rank 1 at all generic points of R{)OH

(3) e(Ri/m) = e(Moo /Moo, Riy /).

(4) e(Rl,/m) < e(Moo/T Moo, Ri /).
(Note that the proof of [Kis09al, Lem. 2.2.11], as written, literally applies only when
a = 0, but in fact it goes through unchanged for any value of a.) Furthermore,
the arguments of Corollaries 2.2.17 and 2.2.19 of [Kis09a] (which use the p-adic
Langlands correspondence for GL2(Q,), together with the weight part of Serre’s
conjecture) establish the inequality e(RL,/m) < e(Moo/mMso, RS, /), so that in
fact all of the conditions (1)—(4) actually hold.

Let RY, = (®ypBYY (Mo,isno,is 1,BlGy, )/T)[21, - -, 24]], Tegarded as a quo-
tient of Re. Since the isomorphism class of M2 /M1 as an R..-module depends
only on the isomorphism class of o;, one sees as in the proof of Lemma 2.2.13
of [Kis09a] that the action of R, on M’ /M1 factors through R’_*. (In brief:

3We remark that there is a typo in this part of the statement of [Kis09a, Lem. 2.2.11]; R is
written there, rather than Ro.
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it is enough to check for each place vg|p that the action of RE’;d’ factors through
R(:Dr’w(mvw, Mg i Il,ﬁ|GFy0 ). In order to do this, one applies the construction with
Gy = Mgy by = Nyy i, Ty, = 1, and the other 7, chosen so that op,, , n,, is a
Jordan-Hélder factor of Ly, 4, -, ®o F for v # vg.) Furthermore, the R..-module
M /Miz1 is supported on all of Spec R, by the results of Section 4.6 of [Geell]
(cf. the final paragraph of the proof of [Kis09al Prop. 2.2.15]). Finally, we note that
R!_" is generically reduced (see the proof of [Kis09a, Prop. 2.2.15)).
Lemma 2.2.74] shows that

(322)  Z(R/x) = (H Z(R9%(a,b, ,7) /77)) x Z(SpecF[[x1, ..., 2,])),
vlp

while, identifying each of the modules M, /m M., M’ /M!S, etc., with the corre-
sponding sheaves on Spec R, /7 that they give rise to, we compute that

(323) Z0x/mMx) = 3 ZOL)

> ZZ Spec R%_/ (HZamn mn) x Z(SpecF([z1,...,z4]]),

vlp m.n
the first equality following by Lemma the inequality following from the fact,
noted above, that the support of M /M1 coincides with the generically reduced
closed subscheme Spec R of Spec Ry, /m, and the second equality following from
another application of Lemma [2:2.14] Also, since M is m-torsion free, and gener-

ically free of rank one over each component of Spec R, (condition (2) above),
Proposition [2.2.13| shows that

(3.2.4) Z(R. /7)) = Z(My/TMy).
Putting these computations together, we find that

(IT 272 a,b., f)/w)) x Z(SpecFimn, .., x,)) B2 Z(R, /m)

vlp

B2 70 jnM R Jm) S (HZamn mn)XZ(SPec]FH%---a ql])-

vlp mn
However, if we apply Lemma[2.2.8]to pass to the corresponding multiplicities, then
this inequality on cycles gives a corresponding inequality on multiplicities, which
is in fact an equality, by condition (3) above. Thus this inequality of cycles is an
equality, and we deduce that

HZRDw(abTT/Tr Hzamn myns

vlp vlp m,n
and thus that
Z(RPY(a,b,7,7)/7) = Zamn m,n;

as required. 0

3.2.5. Remark. Even if 7 ~ (WOX ;) for some Y, it is presumably possible to

use the above arguments to show that our geometric Breuil-Mézard conjecture is
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equivalent to the usual one, and that both are equivalent to the equivalent condi-
tions of Lemma 2.2.11 of [Kis09a]. We have not done so, because parity issues with
Hilbert modular forms make the argument rather longer than one would wish, and
in any case we prove a similar statement in far greater generality in Section 5| (see
Theorem [5.5.2] which together with Lemma [£:3.1] shows the equivalence of our geo-
metric conjecture with the usual one). (Note that since p > 2 all the Serre weights
occurring in the reduction mod p of L, » have the same parity, so it is possible to
circumvent parity problems by twisting, but the details are a little unpleasant to
write out).

3.3. Analysis of components. For a given 7, there may be several different Serre
weights oy, 5, for which fiy, (7) # 0. We now compare the different cycles Cp, .
We write W (7) for the set of oy, for which pi, »(F) # 0 (that is: the set of
Serre weights for 7). The only cases where W (7) contains more than one element
are as follows (throughout it is understood that we always impose the conditions
that 0 <m<p—-2and 0<n<p-1):
e If 7 is irreducible, say
+1
_ wy 0
T|I@p ~wm® < 0 wg(n+1)> )

then W (7) = {0m.ns Omtn,p—1—n}-
e If 7 is reducible but indecomposable, with

Pl ~ wmtl
Tap 0 w™

a peu ramifiée extension, then W(7) = {00, Om p—11-
e If 7 is reducible and decomposable, with

' WL
~Y
", 0 w™

such that n < p — 3, then
—if 0 <n < p—3, we have W(F) = {0mn, Om+n+1,p—3-n};
— if n=p—3and p> 3, we have W(F) = {0u.p—3, Fm—-1,0, Om—1,p—1};
— if p=3 and n =0, we have W(7) = {00, 0m.2, Om+1,0, Om+1,2}-

The relationships between the cycles C,,, are as follows. Note in particular that

by Theorem |3.1.6} if 7 7 <WOX ;) for any Y, then the assumption in the following

Proposition is automatic.

3.3.1. Proposition. Assume that Conjecture [3.1.4] holds for 7. Then the cycles
Cm,n have disjoint support, except for the cycles Cp,o and Cp,p—1 when both are
non-zero. In this latter case there is an equality Cpmo = Cpmp—1, except if 77|1Qp ~

0 w™
the sum of two irreducible cycles, one of which is Cp, 0.

m+1
(w *Visa (possibly split) peu ramifiée extension, in which case Cp, p—1 is

Proof. 1t is presumably possible to establish this in most cases via direct computa-
tions with Fontaine-Laffaille theory; however, we take the opportunity to use our
geometric formulation of the Breuil-Mezard conjecture. We begin by noting that it
follows from Corollary 1.7.14 of [Kis09al that the cycles C,, ,, are irreducible, except
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wmtl ok

in the cases that n = p—1 and 7|, ~ ( 0 o

> is peu ramifiée, or n = p — 2

and 7 ~ WM ® (%1 l?) for distinct unramified characters py and ps. Thus to
2

prove the claimed disjointness of cycles, it is enough to prove that the cycles are
not equal.

We first consider the cases where C,, o and C,, ,—1 are nonzero. For notational
simplicity, we make a twist by w™"", and thus further assume that m = 0. Con-
sider the trivial inertial type 1. Examining Henniart’s appendix to [BM02], we
see that o(1) = St, the Steinberg representation, while ¢ (1) = 1, the trivial
representation. The reduction mod p of St is just o,—1, so we conclude that

Cop—1 = Z(RT¥(0,0,1,7)/m),

C’0,0 = Z(RCEIl‘7w(O7 0,1, ’F)/ﬂ—)'

By definition, RZ>¥(0,0,1,7) is a quotient of RP%(0,0,1,7), and as they have the
same dimension, we see that Spec RCDTW(O, 0,1,7) is a union of irreducible compo-
nents of Spec RF¥(0,0,1,7).

It is easy to see that the two rings are actually equal unless 7 is a twist of a peu
ramifié extension of 1 by w, because the only non-crystalline semistable crystalline
representations with Hodge—Tate weights 0 and 1 are unramified twists of extensions
of 1 by €, and so it suffices to check, in the case when 7 is a twist of a peu ramifié
extension of 1 by w, that Spec R™¥(0,0,1,7)/n) has two distinct components. In
the case that the extension is non-split, the framed deformation ring is formally
smooth over the deformation ring, and the relevant rings are computed in Theorem
5.3.1(i) of [BM02]; in particular, they do verify that the Specs of their reductions
mod 7 contain two distinct components.

We now explain another way to see that Spec R7%(0,0,1,7)/7) consists of two
distinct components, which works equally well in the case when 7 is split. Namely,
a two-dimensional crystalline representation with Hodge-Tate weights 0 and 1 with
reducible reduction is necessarily an extension of characters, whose restriction to
1, is trivial and cyclotomic respectively, and it is uniquely determined by its asso-
ciated pseudo-representation. The cycle Cp o is thus directly seen to be irreducible,
and it has non-trivial image in the associated pseudo-deformation space. On the
other hand, as we already observed, a genuinely semi-stable two-dimensional defor-
mation of 7 with Hodge—Tate weights 0 and 1 is necessarily a twist of an extension
of the trivial character by the cyclotomic character, with the possible twist be-
ing uniquely determined (since we have fixed the determinant to be we). Such
extensions are determined by their L-invariant, and so one can give an explicit de-
scription of the Zariski closure of the space of genuinely semi-stable deformations,
and show that this closure, as well as its reduction mod , is irreducible. Moreover,
its reduction mod m does not coincide with Cp g, since its image in the associated
pseudo-deformation space is simply the closed point. Thus we have shown that
Co,p—1 is the sum of two distinct irreducible components.

n+1
Wy

0 wg(n+1)> withO<n<p-—1.
We need to show that Cp, », # Citnp—1—n. Consider the inertial type @™ @ ™.
Then by for example Lemmas 3.1.1 and 4.2.4 of [CDT99|, the semisimplification
of the reduction modulo p of o(@™*™ @ &™) has Jordan-Holder factors oy, , and

Consider next the case that 7|, ~w™® (
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Om+n,p—1—n, SO that we have
Z(RP¥(0,1,5™" @ 0™, 7) /1) = Covn + Contmp—1—m-

By Theorem 6.22 of [Sav05] (noting that the framed deformation ring is formally
smooth over the deformation ring, since 7 is irreducible), we have RE¥ (0,1,0™*t" @
w™ F)/m 2 F[[U,V,W, X,Y]]/(XY), s0o Cnn # Contnp—1-n, as required. It re-
mains to treat the cases where 7 ~ x; X, is a direct sum of two distinct characters.
In this case, one knows that all of the relevant lifting rings ]-2,'3:‘r“/’(m7 n,1,7) are in
fact ordinary lifting rings (cf. Corollary 1.7.14 and Remark 1.7.16 of [Kis09al). Tt
thus suffices to note that the cycles that we have to prove are distinct correspond
respectively to liftings which contain a submodule lifting ; or which contain a
submodule lifting x5, and since X; # X,, it is easy to see that the cycles are dis-
tinct. O

Proof of Proposition|1.1.5 The assertions about the number of components of C,, ,,
follow from Proposition above together with Corollary 1.7.14 of [Kis09a)], and
the disjointness of the supports of the Cy, ,, follows from Proposition [3.3.1} O

3.4. Comparison with the results of [BMI1I]. In [BMII], Breuil and Mézard
construct, for generic 7, a correspondence between the irreducible components of
Spec RP%(a, b, 7,7)/m and the Serre weights for # which appear with positive mul-
tiplicity in the mod p reduction of ¢(7) ®g det® Sym’E?. The definition of the
correspondence is given in [BMIIl Thm. 1.5]: namely, if a is a generic point of
Spec RP¥(a, b, 7,7)/m, then the associated Serre weight is the GLy (Z,)-socle of a
certain GL2(Q,)-representation constructed out of the universal Galois representa-
tion into GLa (R™¥(a, b, 7,7)/(m, a)) via the p-adic local Langlands correspondence.
According to our geometric formulation of the Breuil-Mézard conjecture, the
component {a} of Spec R%¥(a,b,7,7)/7 is equal to Spec RS’ZZ(m,n,ﬂ,F)/W), for
some Serre weight oy, , of 7. Since the p-adic local Langlands correspondence
is functorial, we find that the GL3(Z,)-socle of the GL2(Q,)-representation at-
tached to a, thought of as a generic point of Spec RP¥(a, b, 7,7)/m, is the same as
the GL2(Z,)-socle of the GLy(Q,)-representation attached to a, thought of as the
generic point of Spec RS¥ (m,n, 1,7)/m). But in this latter case, the GLy(Z,)-socle
in equation is equal to oy, n, as follows from the fact that the correspondence of
[BM11] is compatible with the original conjecture of [BM02]. This shows that the
correspondence of [BM11] is precisely the correspondence Cp, r, — Oy -

4. THE BREUIL-MEZARD CONJECTURE FOR GL,

4.1. The numerical conjecture. We begin by formulating a natural generalisa-
tion of the Breuil-Mézard conjecture for n-dimensional representations. We now fix
the notation we will use for the rest of the paper, which differs in some respects from
that of Section [3] but is closer to that used in the literature on automorphy lifting
theorems for unitary groups. We remind the reader that for the rest of the paper,
our convention on Hodge-Tate weights is that the Hodge—Tate weight of € is —1. Let
K/Q, be a finite extension with ring of integers O and residue field k, let E/Q,
be a finite extension with ring of integers O, uniformiser 7 and residue field IF, and
let 7 : Gxg — GL,(F) be a continuous representation. Assume that F is sufficiently
large, and in particular that E contains the images of all embeddings K < @p.
Let Z denote the set of tuples (A1,...,\,) of integers with Ay > Xy > -+ > A,,.
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For any A € Z}, view A as a dominant character of the algebraic group GL,, ;0 in
the usual way, and let M} be the algebraic Ok-representation of GL,, given by

M, = Ind%f“ (wo) /o

where B,, is the standard Borel subgroup of GL,, and wq is the longest element
of the Weyl group (see [Jan03|] for more details of these notions). Write M) for
the Og-representation of GL,,(Ok) obtained by evaluating M3 on Og. For any
A€ (Zﬁ)HomQP(K’E) we write Ly for the O-representation of GL,,(Ok) defined by

Qr:kseMy, Qo+ O.

Given any a € Z%} with p —1 > a; — aj41 for all 1 < ¢ < n — 1, we define
the k-representation P, of GL, (k) to be the representation obtained by evaluat-
ing Indgf" (woa)r on k, and let N, be the irreducible sub-k-representation of P,
generated by the highest weight vector (that this is indeed irreducible follows for
example from II1.2.8(1) of [Jan03] and the appendix to [Her09]). We also let N,
denote the k-representation of GL, (k) obtained by evaluating N, on k. We say
that an element a € (Z7%)Hom*F) i a Serre weight if

e for each 0 € Hom(k,F) and each 1 <4 <n — 1 we have

p—1>as;— asit1,
e and for each o we have 0 < a,, <p—1, and not all a,, =p — 1.
If a € (27 )Hom(EF) g a Serre weight then we define an irreducible F-representation
F, of GL, (k) by
Fo := ®7ctomk,F) Na, @k, F.

The representations F,, are absolutely irreducible and pairwise non-isomorphic, and
every irreducible F-representation of GL, (k) is of the form F, for some a (see for
example the appendix to [Her09]). We say that an element A\ € (Zﬁ)Hom@P(K E) s a
lift of a Serre weight a € (Z7)Hom(*:F) if for each o € Hom(k, F) there is an element
7 € Homg, (K, E) lifting o such that \; = a,, and for all other 7" € Homg, (K, E)
lifting o we have A\;» = 0. We have a partial ordering < on Serre weights, where
b < a if and only if a — b is a sum of (positive) simple roots.

4.1.1. Lemma. If )\ is a lift of a then Ly ®o F has socle Fy, and every other
Jordan-Hélder factor of Ly ®o F is of the form Fy with b < a.

Proof. This follows from sections 5.8 and 5.9 of [Hum06] (noting that the orderings
< and <g coincide for GL,,). O

Let 7 : Ix — GL,(F) be a representation with open kernel which extends
to Wik, and take \ € (Zi)Hom@P(K’E). Let 7 : Gx — GL,(F) be a continuous
representation. If E'/F is a finite extension, we say that a potentially crystalline
representation p : Gx — GL,,(E’) has Hodge type X if for each 7 : K — E,

HT, (p)={Ar1+n—L A a+n—2,..., A n}.
We say that p has inertial type 7 if the restriction to Ix of the Weil-Deligne
representation associated to p is equivalent to 7.

-

7 Of the universal

4.1.2. Proposition. For each A\, T there is a unique quotient R
lifting O-algebra RS for 7 with the following properties.
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(1) R’r_l;,l)\,’r
equidimensional of dimension n® + [K : Qpln(n —1)/2.
(2) If E'/E is a finite extension, then an O-algebra homomorphism RY — E'

factors through RE, _ if and only if the corresponding representation G —

T AT

GL,,(E'") is potentially crystalline of Hodge type A and inertial type T.

(3) REA,T/TF is equidimensional.

is reduced and p-torsion free, and REA’T[l/p] is formally smooth and

Proof. All but the final point are proved in [KisO§|, and the final statement follows
from the proof of Lemme 2.1 of [BM11]. O
O

7a,r- The Breuil-Mézard conjecture predicts

If 7 is trivial we will write RE y for R
the Hilbert—Samuel multiplicity e(RE A.+/™). In order to state the conjecture, it is
first necessary to make a conjecture on the existence of an inertial local Langlands
correspondence for GL,,. The following is a folklore conjecture.

4.1.3. Conjecture. IfT is an inertial type, then there is a finite-dimensional smooth
irreducible Q,-representation o(7) of GLy,(Ok) such that if T is any Frobenius-
semisimple Weil-Deligne representation of Wx over @p, then the restriction of
(rec, ' (7) @ | det |(n=1/2) to GL,(Ok) contains (an isomorphic copy of) () as a
subrepresentation if and only if T|r, ~ 7 and N =0 on 7. If p > n then o(7) is

unique.

4.1.4. Remark. A very similar conjecture is formulated in [Conl0], which also
proves some partial results in the case n = 3. We have formulated this conjecture
only for representations with N = 0, as we will only formulate our generalisations
of the Breuil-Mézard conjecture for potentially crystalline representations, in order
to avoid complications in the global arguments of Section We expect that a
“semistable” version of the conjecture will also be valid, where one removes the
conclusion that N' = 0 on 7, but adds the requirement that rec, ! (7) ®| det |(n=1)/2)
be generic.

Conjecture is proved in the case n = 2 by Henniart in the appendix to
[BMO02]. It has been proved for any n for supercuspidal representations by Paskiinas
([Pas05]), but to the best of our knowledge it is open in general. We will assume
from now on that o(7) exists. Enlarging E if necessary, we may assume that it is
defined over E. Since it is a finite-dimensional representation of the compact group
GL,(Ok), it contains a GL,(Ok)-stable O-lattice L;. Set Ly := L ®o M, a
finite free O-module with an action of GL,,(Ok). Then we may write

(LA,T ®O F)SS ; @aFgav

where the sum runs over the Serre weights a € (Zﬁ)Hom(k’F), and the n, are non-
negative integers. For each Serre weight a, fix a lift A, of a. Then the generalised
Breuil-Mézard conjecture is the following.

4.1.5. Conjecture. There exist integers p,(7) depending only on 7 and a such that
(R, /7) = X natta(F).

4.1.6. Remark. (1) Assuming the conjecture, the integers p,(7) may be com-
puted recursively as follows. Let A\, be a lift of a. If a is in the lowest alcove,
then Ly®oF = F,, and we have 1, (7) = e(REﬂ\a /7). In general, by Lemma
we see that we may compute p,(7) given B(REAH /) and the values
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1p(7), b < a. Note also that by applying automorphisms of F (which we
may assume to be Galois), one sees that e(REAa /7) is independent of the
choice of lift A,.

(2) The reader might have expected the sum on the right hand side to only be
over weights a which are predicted Serre weights for 7. However, according
to the generalised Serre weight conjectures of [GHS11], the predicted Serre
weights a for 7 should be precisely those a for which 7 has a crystalline lift
of Hodge type A,, i.e. precisely those a for which e(REAu /m) #0.

(3) The reader might wonder why we have formulated our n-dimensional ana-
logues of the Breuil-Mézard conjectures for liftings without fixed determi-
nant, when the conjecture is more usually stated as in Section [3] for lifts
with fixed determinant. The reason is that in the global arguments we will
make in Section [5| using unitary groups, it is the lifting rings without fixed
determinant that arise naturally. However, the conjectures with and with-
out fixed determinant are actually equivalent, at least as long as p > n, as
follows from Lemma [1.31] below.

4.2. The geometric conjecture. We may now state our geometric conjecture,
which is entirely analogous to Conjecture [3.1.4]

4.2.1. Conjecture. For each Serre weight a there is a cycle C, depending only on
7 and a such that
Z(RE)\,T/W) = Znaca.
a

4.2.2. Remark. Again, if one assumes the conjecture them one can inductively
compute the cycles C, in terms of the cycles Z(REAG /7).

4.3. Twisting by characters. We now establish a lemma which implies in par-
ticular that the Breuil-Mézard conjecture for liftings without a fixed determinant
(as we have formulated it above) is equivalent to the analogous conjecture for lift-
ings with a fixed determinant (at least if p > n). Note that, for a given inertial
type 7 and Hodge type A, there is a character ¢y ; : Ix — O such that any lift
p of 7 of Hodge type A and inertial type T necessarily has det p|r, = ¥ -. Let

1 : G — O* be a character such that ¢ = det# and 9|7, = ¥x,. We let REY

T AT
denote the quotient of REA,T corresponding to lifts with determinant .

~ D7
4.3.1. Lemma. Suppose that p > n. Then R%’)\J &= RF’;{’T[[X]].

Proof. Consider a finite extension E'/FE and a point x : RE A

sponding representation p’. Let # = 1)~ det p/, so that 6 is an unramified character
with trivial reduction. Since p > n, we see that 6 has an Opg/-valued n-th root.
From this observation is it easy to see that if p¥ : Gx — GL, (RE;{’T) is the univer-
sal lifting of determinant v, and p, is the unramified character taking a Frobenius
element to z, then p¥ ® uy, x odet : Gx — GLn(REf’T[[X]]) is the universal lifting
of arbitrary determinant, as required. o ([

— E’ with corre-

5. GLOBAL PATCHING ARGUMENTS

For the rest of the paper, we will assume Conjecture Our goal in this
section is to employ the Taylor-Wiles-Kisin patching method so as to generalize, to
the extent possible, the results of Section [3] to the n-dimensional context. These
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arguments are essentially the natural n-dimensional generalisation of the arguments
of Section 4 of [GK11]. We closely follow the approaches of [Kis09a] and [Thol0)]
(which in turn follows [BLGG11a] and [CHTOS]). In particular, in the actual imple-
mentation of the patching method we follow [Thol0] very closely, although, because
our ultimate interests are local, we will sometimes make stronger global assump-
tions in order to simplify the arguments; these stronger assumptions can always be
achieved in our applications. Before getting to the patching argument itself, we in-
clude a number of preliminary subsections in which we briefly recall the necessary
background material on automorphic forms and Galois representations, referring
the reader to [Thol0] for more details.

5.1. Basic set-up. We put ourselves in the setting of Section [4] so that K/Q, is
a finite extension, and 7x : Gxg — GL,(FF) is a continuous representation. We also
assume from now on that p > 2.

As in Section [3] we begin by globalising 7. Since the standard global context
in which to study higher-dimensional Galois representations is that of automorphic
forms on unitary groups, we briefly recall the various concepts that are required to
discuss Galois representations in that setting.

To begin with, we recall from [CHTO8|that G,, denotes the group scheme over Z
defined to be the semidirect product of GL,, x GL; by the group {1, j}, which acts
on GL, x GL; by

g, )i~ = (g™ ).
We have a homomorphism v : G,, — GLq, sending (g, pt) to p and j to —1. We refer
the reader to Section 2.1 of [CHTOS]for a thorough discussion of G,, and of the
relationship between G,-valued representations and essentially conjugate self-dual
GL,,-valued representations.

5.1.1. Terminology. To ease notation, we adopt the following convention with
regard to Galois representations with values in G, (F,): if F is an imaginary CM
field with maximal totally real subfield F'+, and p: Gp+ — G, (F,) is a continuous
representation, then we write p|g, for the restriction of p to G, regarded as a
representation Gp — GLy(F,), and similarly for p(Gp(c,)) and Plc . (for places v
of F').

We next recall that the notion of an adequate subgroup of GL,(F,) is defined
in [Thol0]. We will not need the details of the definition, though we recall the
following result, which is a special case of Theorem 9 of [GHTTI0].

5.1.2. Proposition. Suppose that p > 2(n+ 1) and that H is a finite subgroup of
GL,, (F,) which acts irreducibly. Then H is adequate.

We now state our basic hypothesis related to the globalization of 7. Namely,
we assume that there is an imaginary CM field with maximal totally real field
subfield F't, together with a continuous representation p : Gp+ — G, (F,), such
that

F/F7 is unramified at all finite places,

[FT : Q] is divisible by 4,

every place v|p of F'* splits in F,

p is automorphic in the sense of Definition below; in particular,

vop= Elfndl’}ﬁ s where dp/p+ is the quadratic character corresponding

to F/FT.
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o 7 (GL,(Fp) x GLy(Fp)) = Gr,
e 7 is unramified at primes vt p,
e 2(Gr(,)) is adequate, and

—kerad p .

o F2PI9r Goes not contain F(¢p),

e for each place v|p of FT, there is a place ¥ of F lying over v such that
Fy = K and p|g,, is isomorphic to 7.

5.1.3. Remark. It will not always be the case that such a representation p exists,
because the assumption that p(G'r(c,)) is adequate implies that p { n. On the other
hand, if we assume that p > 2(n + 1), then by Corollary there is a CM field
F and a continuous representation p : Gp+ — GL,(F) satisfying all the above
conditions.

We briefly explain the motivation for the various conditions that we require. The
first three ensure the existence of a convenient unitary group on which to work, with
the property that it is isomorphic to GL,, at places dividing p. The final condition
ensures that p can be used to study 7. The remaining conditions are imposed in
order to use patching constructions of [Thol0]; some of them are imposed in order
to simplify these constructions. (When considering the last three conditions, the
reader should recall our terminological convention of )

5.2. Unitary groups and algebraic automorphic forms. There is a reductive
algebraic group G/FT with the following properties (cf. Section 6 of [Thol(]):

e G is an outer form of GL,, with G, = GL,,/F.

e If v is a finite place of F'T, G is quasi-split at v.

e If v is an infinite place of F*, then G(F,}) = U, (R).
As in section 3.3 of [CHT0§| we may define a model for G over Op+. If v is a place
of F* which splits as ww® over F, then we have an isomorphism

tw 1 G(Opy) — GLn(OF,).

Let E/Q), be a finite extension with ring of integers O and residue field F, which
we assume is chosen to be sufficiently large that p is valued in G, (F). From now
on we will often regard p|g, as being valued in G(F), and we write VF for the
underlying F-vector space of p|g .

Let S, denote the set of places of F* lying over p, and for each v € S, fix a
place v of F lying over v. Let Sp denote the set of places v for v € Sp,. Let W be
a finite O-module with an action of G(Op+ ,), and let U C G(A%,) be a compact
open subgroup with the property that for each u € U, if u, denotes the projection
of u to G(F,;"), then u, € G(OF;). We say that U is sufficiently small if for all

t € G(A,), t7'G(FT)tNU does not contain an element of order p. Let S(U, W)
denote the space of algebraic modular forms on G of level U and weight W, i.e. the
space of functions
[ GFON\GAR) =W

with f(gu) = u, ' f(g) for all w € U. If U is sufficiently small, then the functor
W — S(U, W) is exact.

For each v € S, choose an inertial type 7, : Ip, — GL,(E) and a weight
Ay € (Zi)Hom@P(Fﬁ’E), and let Ly, ,, be the O-representation of GL,(Op,) de-
fined in Section [4 Write Ly , for the tensor product of the Ly, ;,, regarded as a
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representation of G(Op+ ) by letting G(Op+ ) act on Ly, -, via 15, and for any
O-algebra A we write Sy - (U, A) for S(U, Ly » ®0 A).

5.3. Hecke algebras and Galois representations. This assumption made above

that 7197 does not contain F (¢p) means that we can and do choose a finite
place vy ¢ S, of F* which splits over F' such that v; does not split completely in
F((p), and ad p|c,. (Frob,, ) = 1. (We make this last assumption in order to simplify
the deformation theory at v;; in particular these assumptions will imply that the
local unrestricted lifting ring at vy is smooth, and that all liftings are unramified.)
Let U =[], U, be a compact open subgroup of G(A%,) with U, a compact open
subgroup of G(F.}) such that:

e U, = G(Op+) for all v which split in F' other than vy;

e U,, is the preimage of the upper triangular matrices under

where w; is a place of F' over vy.
e U, is a hyperspecial maximal compact subgroup of G(F,") if v is inert in

F.
Then U is sufficiently small (by the choice of U,,). Let T = S, U {v1}. We let
’]I‘Tj“ni" be the commutative O-polynomial algebra generated by formal variables
7Y for all 1 < j < n, w a place of F lying over a place v of F* which splits in
F and is not contained in 7. The algebra T7'""V acts on Sy (U, O) via the Hecke
operators

TP =i {Gmom (wglj ! ) GLn(OFw)]
n—j

for w ¢ T and w,, a uniformiser in O, . We denote by T§7T(U, O) the image of
TTwY in Endp (Sy - (U, 0)).

5.3.1. Definition. We say that a mazimal ideal m of TT""™V with residue field of
characteristic p is automorphic if for some (X, 7) as above we have Sy (U, O)m # 0.
We say that a representation p : Gp+ — G,(F,) is automorphic if there is an
automorphic mazimal ideal m of TT"™Y such that if v ¢ T is a place of FT which
splits as v = ww® in F, then p|g,(Froby,) has characteristic polynomial equal to
the image of X"+ -+ -+ (—1)3 (Nw)IG=0D/27) xn=i 4 (=1)"(Nw)n(n=1/27{"
In the following we will make a number of arguments that are vacuous unless
Sar(U,O)m # 0 for the particular (A, 7) under consideration, but for technical
reasons we do not make this assumption. Since p is automorphic by assumption,
there is a maximal ideal m of T7>""V associated to p as in Definition m
5.3.2. Proposition. There is a unique continuous lift
pm: Gt — Gn(Tf,T(M O)m)

of p, which satisfies

(1) pu' ((GLn x GL1)(TX (U, O)m)) = GF.

(2) vopm= 617n6?~“/F+'
(3) pm is unramified outside T. If v ¢ T splits as ww® in F then py(Froby,)

has characteristic polynomial

X"+t (—1)j(Nw)j(j_1)/2Tl(Uj)X”_j 4. (—1)"(Nw)”(”_1)/2T5ﬂ).
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(4) For each place v € Sy, and each O-algebra homomorphism
z: T} (U, O0)m — F,

where E' | E is a finite extension, the representation xopy|cy is potentially
crystalline of Hodge type A\, and inertial type 7,.

Proof. This may be proved in the same way as Proposition 3.4.4 of [CHT08], making
use of Corollaire 5.3 of [Lab09], Theorem 1.1 of [BLGGTTI], and Conjecture [4.1.3]
|

We note that our assumptions on v; imply that Sy (U, O)m ®z, Q, is free over
T3 (U, O)m[1/p] of rank n! (where we adopt the convention that this remark is
true if both ']I‘Z;T(U, O)m[1/p] and Sy (U, O)m ®z, Q, are zero).

5.4. Deformations to G,,. Let S be a set of places of '™ which split in F, con-
taining all places at which p is ramified. As in [CHTO0§|, we will write F'(S) for the
maximal extension of I’ unramified outside S and infinity, and from now on we will
write G+ g for Gal(F(S)/FT). Regard p as a representation of Gp+ 5. We will
freely make use of the terminology (of liftings, framed liftings etc) of Section 2 of
[CHTOS].

For each place v € T' we choose a place v of F' above v, extending the choices
made for v € Sp. Let T denote the set of places v, v € T. For each v € T, we let
R;D denote the reduced and p-torsion free quotient of the universal O-lifting ring of

- . Oy, 7o O
plcy. - For each v € S), write R for RﬁlGF~1>\v»7-v.

Consider (in the terminology of [CHTO0S]) the deformation problem
S = (F/FT,T,T,0,5,6 700 pe {RS } U{RZ N ™ hes, )

There is a corresponding universal deformation p&V : Gp+ 7 — G,(RE™Y) of p.
The lifting of Proposition and the universal property of pg“iv gives an O-
homomorphism

RY™ T (U, O),

which is surjective by property of pm.

5.5. Patching. We now follow the proof of Theorem 6.8 of [Thol0]. We wish to
consider auxiliary sets of primes in order to apply the Taylor-Wiles-Kisin patching
method. Since p(Gp(c,)) is adequate by assumption, by Proposition 4.4 of [Thol0)
we see that we can (and do) choose an integer ¢ > [’ : Q|n(n — 1)/2 and for each
N > 1 a tuple (Qn, @N, {¥s}veqy) as above such that

e Qu is a finite set of finite places of F* of cardinality ¢ which is disjoint
from T and consists of places which split in F;

) éN consists of a single place ¥ of ' above each place v of F't;

e Nv=1 mod p" for v € Qu;

e for each v € Qu, ﬁ|GF5 & 57 @ 1y where 15 is an eigenspace of Frobenius
corresponding to an eigenvalue «,, on which Frobenius acts semisimply.
Write dY; = dim 1.

For each v € Qp, let R?f’ denote the quotient of RE' corresponding to lifts 7 :
Gr, — GL,(A) which are ker(GL,,(4) — GL,,(k))-conjugate to a lift of the form
5 @1, where s is an unramified lift of 53 and v is a lift of 95 for which the image
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of inertia is contained in the scalar matrices. We let Sg, denote the deformation
problem

SQN = (1‘7’/1‘7‘+7 TUQn, TU QN, O, p, 617n5?‘/F+,
(REYU{RI* ™} es, U{RP }oeqn)-

We let Rfé‘;i; denote the corresponding universal deformation ring, and we let Rgg

N
denote the corresponding universal T-framed deformation ring. By Proposition 4.4
of [Thol(], we may also assume that

e the ring RESN can be topologically generated over the completed tensor
product (@vesp’@RgD”\'”’”) @@R%'l by ¢ — [FT : Qn(n — 1)/2 elements.
Let Us(Qn) = 1, Uo(@n)v and Ui(Qn) = [[, U1(@n), be the compact open
subgroups of G(A%,) defined by (for i = 0, 1) Ui(@Qn)y = U, if v ¢ Qn, and
Up(Qn)v = Lglp]ﬁv, U1(QnN)y = L%lp?\[’l if v € Qn, where pi]\, and pT’N’l are the
pgrahor{c subgroups defined in [Thol0], corresponding to the partition n = (n —
d%;) + d%. We have natural maps

T3 27 (U1(@Qn), 0) = TL% (Un(Qn), 0) — TR 9% (U, 0) = TR (U, 0).
Thus m determines maximal ideals of the first three algebras in this sequence
which we denote by mg, for the first two and m for the third. Note also that
']Tf’LTJQN (U,0)m = T3 (U, O)m by the proof of Corollary 3.4.5 of [CHT0S]. For each
v € Qn choose an element ¢y € G, lifting the geometric Frobenius element of
Gr,/Ip, and let wy € Op, be the uniformiser with Artp, wy = ¢z|pav. As in

Proposition 5.9 of [TholO] we have commuting projection operators pr. . Write
M = S +(U,O)m, and for i =0, 1 we write

Mi,QN = H pl"w,j SA,T<Ui(QN)a O)mQN .
vEQN
Let T; g, denote the image of ’]I‘?TJQN(U['(QN),O) in Endp(M; gy). Let Agy
be the maximal p-power order quotient of Up(Qn)/U1(Qn) and let ag, denote
the kernel of the augmentation map O[Ag,] — O. For i = 0,1 and a € Fy of
non-negative valuation, we have the Hecke operator

— v 1n7 v 0 v
Va = L’ﬁl (l:pNJ ( OdN A )pN,1:|) )

where A, = diag(e,1,...,1). Exactly as in the proof of Theorem 6.8 of [Thol0l,
we have:

(1) The map
( H prwa) M — M; gy
vEQN
is an isomorphism.
(2) Mgy is free over O[Aq, ] with
Ml,QN/aQN - MO,QN'

(3) For each v € Qn, there is a character with open kernel V5 : I — T{,
so that
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(a) for each a € Fy of non-negative valuation, V,, = V() on M g, ;
() (Pmoy @ T1,Qy)lwe, = s® ¢ with s an unramified lift of 57 and ¢ a

lift of 15 with I, acting on 1) via the scalar (V5 o Art;;).
The above shows, in particular, that the lift pm, ®Ti gy of pis of type Sg, and
gives rise to a surjection Rggij‘; — T1,gy- Thinking of Ag, as the product of the

. vEQN GF@’
we obtain a homomorphism Ag, — (Rg)Y )™ by considering ¢ as above in some
N

inertia subgroups in the maximal abelian p-power order quotient of []

basis. We thus have homomorphisms
ni O
OlAqy] = Rsy, — Rsyy

and natural isomorphisms Rggi]‘\’[ Jagy = RV and RE(;N Jagy = RET7 and the
surjection Rggi;\’, — T4 g is a homomorphism of O[Ag, ]-algebras.
Fix a filtration by F-subspaces
O0=LpCcLyC---CLs;= L)H.,-/TI'L)\’T
such that each L; is G(Op+ ,)-stable, and for each i = 0,1,...,5s—1, 0y := Li;1/L;
is absolutely irreducible. This induces a filtration
0=M°c M*cC-.-Cc M*=M/nM.

We may now patch just as in the proof of [Thol0, Thm. 6.8], keeping track of
filtrations as in [Kis09al, § (2.2.9)]. Namely, if we set

R, = <®veSP,OR5D) @ORE[[M, s T [P Qn(n—1)/2]];

> O v Ty >
R, = (®vesp,oRg”\ )®OR§1[[$17 Ce s T [F+Qln(n—1)/2]]
and
Soo = O[[Zla ce sy Bn2H#T Y1y - 7yq]]7

for formal variables 1, ..., % (F+.Qn(n—1)/2 Y1,--->Yq and 21,..., Zp27, and if
we let a denote the kernel of the augmentation map S, — O, then we see that
there exists:

e An S,-module My, which is simultaneously an R._-module such that the

image of R, in End(M) is an So-algebra.
e A filtration by R._-modules

0=M% cMLC---CM:=M,/mM,
whose graded pieces are finite free S,,-modules.

e A surjection of R'°“-algebras R._/aR.L — RV
e An isomorphism of R/_-modules
My /oMy, — M,
which identifies M’ /aM?_ with M?.

We furthermore claim that we can make the above construction so that, for each
value of i = 1,2,...s, the (Ru, Ss)-bimodule M? /M!S! and the isomorphism
M /(aM?,, MiZY) = M?/M*~! depends only on (U,m and) the isomorphism
class of L;/L;_1 as a G(Op+ ,)-representation, but not on (A, 7). For any finite
collection of pairs (A, 7) this follows by the same finiteness argument used during
patching. Since the set of (), 7) is countable, the claim follows from a diagonaliza-
tion argument.
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v
weight, where each a, is a Serre weight for GL,, (k3), where k3 is the residue field of
F;5. We write F, = ®T;e§pFav’ a representation of G(Op+ ,). For a a Serre weight,
we denote by M% the R /m-module constructed above (using the construction for
all (\,7)) when L;/L; 1 — F,, and we set

1o (p) = (n) ™' e(MS, Roo /)

It will be convenient in the following to refer to a tuple (a,) cg, as a Serre

and
Zy(p) = (n) "' Z(MY).

For each v|p we write

(Layr, @0 F)™ =5 ) For,
so that
(Lyr ®0 F)® = Z Fpe,

where n, = [[, na, -
The following crucial, but technical, lemma is a slight refinement (and generali-
sation to the n-dimensional setting) of Lemma 4.3.6 of [GK11].

5.5.1. Lemma. For each a, pl(p) is a non-negative integer. Moreover, for any
fized (A, 7) the following conditions are equivalent:

(1) The support of M meets every irreducible component of Spec R'°¢[1/p].

(2) My ®z, Qp is a faithfully flat R._[1/p]-module which is everywhere locally

free of rank n!.
(3) R&Y is a finite O-algebra and M ®z, Q, is a faithful RE[1/p]-module.
(4)
e(Ro/m) = ()" > nae(M%, Roo/T) = > naptl(p)-

(5)
Z(Rl/m) = ()" Y naZ(MS) =Y naZ,(p).

Proof. By Proposition and our assumptions on the primes in T, R._[1/p] is
formally smooth, and of dimension q + n?#7T = dim S,.[1/p]. Since M, is free
over Soo, My @z, Qp has depth q + n?#T at every maximal ideal of R’_[1/p] in
its support. Hence Mo, ®z, Q, is finite flat over R, [1/p]. If Z C Spec R [1/p] is
an irreducible component in the support of M, then Z is finite over Spec Soo[1/p]
and of the same dimension. Hence the map Z — Spec S [1/p] is surjective. As
My /aMy = M has rank n! over any point of RE"V[1/p], My ®z, Qp has rank
n! over Z. This shows that (1) and (2) are equivalent. Using Proposition 1.3.4 of
[Kis09a] we also see that each !, (p) is a non-negative integer, and that

e(Rly/m) = ()" e(Moo/TMoc, Rl /m) = (n1) 71 Y~ nae(MS, Roo/7)

with equality if and only if M., is a faithful R._-module or, equivalently, if and
only if the support of M meets every irreducible component of R._[1/p]. So (1) and
(4) are equivalent.

If My is a faithful R._-module, then R._ is finite over Sy, and so R¥Y, which
is a quotient of R/ /a, is a finite O-module. This shows that (2) implies (3).
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Conversely, assuming that R is a finite O-algebra, we see by Proposition 1.5.1
of [BLGGTI0] that the image of

Spec RV — Spec R

meets every component of Spec R'°°[1/p]. Hence, if M ®z, Qp is a faithful RUniv-
module, then My, ®z, Q, is a faithful R/ [1/p]-module, which proves (1). Thus
(1)-(4) are all equivalent.

It remains to show that (5) is equivalent to the other conditions. From Lemma
we see that (5) implies (4). Now assume that (2) holds. Then M., is 7-
torsion free and generically free of rank n! over each component of Spec R._, so by
Proposition 2.2.13] we have

Z(R. /7)) = (n)) "' Z(Myo /T My).

Identifying each of the modules M, /m Mo, ME /M1, etc., with the corresponding
sheaves on Spec R, /7 that they give rise to, we see from Lemma that we have

=> n.Z(M%).

The result follows. O

For each Serre weight a € (Z7)Hom*) "let A, be a fixed lift of a. As in Remark
1), we may inductively define unique integers p,(7) such that for any Serre

weight b, if we write
(L)\b 1 ®(9 ]F)hb % @aFma b’
then

e(R r)\;,]l/7T Zmabﬂa
Similarly, we may inductively define unique cycles C, such that

Z( T}q,,ﬂ/ﬂ- Zmu bC

We now prove the main result of this section, a conditional equivalence between
the geometric formulation of the Breuil-Mézard conjecture, the numerical formu-
lation, and a global statement. For the convenience of the reader, we recall the
various assumptions of this section in the statement of the theorem.

5.5.2. Theorem. Let p > 2 be prime, let K/Q, be a finite extension, and let

: Gg — GL,(F) be a continuous representation, with F a finite extension of
]F Assume that a representation p as above exists (for example, by Corollary-
thzs is guaranteed if p > 2(n + 1) and Conjecture [A.2] E holds for T), and assume
Conjecture [L1.3]

Suppose that the equivalent conditions of Lemmal[5.5.1] hold whenever each A, =
Aa, for some Serre weight a, and each 7, = 1.

Then, if A € (Zi)HomQP(K’E) and T is an inertial type for Gk, and if we write

(LA,T ®O F)SS L> @aFgav

the following conditions are equivalent.
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(1) The equivalent conditions of Lemma hold when A\, = A and 1, = T for
each vlp.

(2) e(R2, . /m) = ¥, napa(7):
(3) Z(RD, ,/7) = 3, naCa

Proof. Consider conditions (4) and (5) of Lemma in the case that each A\, =
Ay, for some Serre weight b, and each 7, = 1. Note that in this case we have
(Lar ®0 F)* =5 &, F,""" where mqp = [], Ma,p,- Throughout this proof we
will write p,, for p|,_ (which is isomorphic to 7).

As remarked above, the conditions on v ensure that R,, is formally smooth over
O, say Ry, =2 O[[t1,...,t,2]]. We see that from our assumption that the equivalent
conditions of Lemma [5.5.7] hold in this case that

Zma i, (p) = e(RL, /)
=[[e®5 5, a/m)

vlp

= H Z Ma,,b, Ha, (T>

vlp au

= Z Ma,b H Ha,, (f),
a olp
where the second equality holds by Proposition 1.3.8 of [Kis09a]. Similarly

Zma,bZ,’l(ﬁ) = Z(R.,/m)
= HZ(RﬁDU,Ab,U,n/W) X Z(F[[[z1, - Tg[prQin(n—1)/2> t15 - - tn2]])

= H Z mau,bucau X Z(F[[[fﬂl, e 7$q7[F+:Q]n(n71)/27 tl, e 7tn2]])
vlp @
- Z Ma,b Hcav X Z -Tla cee 7xq—[F+:Q]n(n—1)/2a tla cee 7tn2H)a
vlp
where we have made use of Lemma [2.2.14] If we define a partial order on the tuples
(@y)yjp of Serre weights by writing (ay)y, > (by)yjp to mean that each a, > by,
then an easy induction using Lemma shows that we must in fact have that
for each Serre weight a,
= H fha, (T)
vlp

and
-\ — HC“” x Z(F[[[z1,. - s Lg[F+:QJn(n—1)/2: 115 - - - ,tn2]])-
vlp
‘We now consider the conditions of Lemma in the case that each A\, = A and
each 7, = 7. Consider condition (5) of Lemma By definition (and Lemma

2.2.14)), we have
Hz Do/ T) X Z(F([[21, -, T (prgin(n-1)/2: T - - En2]]).
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Using the relation above, we have

Znazé(p) = Z Hnavcav X Z(F[Hmla s 7'T’q7[F+:Q]n(n71)/2at1a s ,t,ﬁ”)

a wvlp
= HZnavcav X Z(F[[[ml, o 7xq—[F+:Q]n(n—1)/2at1a o ,t,ﬂ“).
vlp @

Thus the statement that
= Z naZa (p)

is equivalent to

11 2R3 5 /m) x Z(®[[[1, .. 2q— (p+ginm-1)/2: t1s - s t2]])
vlp
= H Znavcflu X Z(F[[[$1, s 7xq7[F+:Q]n(n71)/27t17 cee 7tn2]])
vlp av

and thus to

)\'r/ﬂ- Zna as

giving the equivalence of (1) and (3). The equlvalence of (1) and (2) may be proved
by a formally identical argument. O

5.5.3. Remark. We regard the assumption of Theorem (that the conditions of
Lemma hold for all Serre weights) as a strong form of the weight part of Serre’s
conjecture, saying that each set of components of the local crystalline deformation
rings in low weight is realised by a global automorphic Galois representation. Under
this assumption (together with Conjecture[4.1.3) Theorem[5.5.2/may be regarded as
saying that instances of the Breuil-Mézard conjecture (and its geometric refinement)
are equivalent to certain R = T theorems.

APPENDIX A. REALISING LOCAL REPRESENTATIONS GLOBALLY

In this appendix we realise local representations globally, using potential au-
tomorphy theorems. In the case n = 2, slightly stronger results were proved by
analogous techniques in Section 5 of [GK11].

A.l. Proposition. Let K/Q, be a finite extension, and let ¥ : Gxg — GL,(F))
be a continuous representation, with p > 2(n + 1). Then there is a CM field L
with maximal totally real subfield L™, and a continuous irreducible representation
p:Gr+ — Gu(F,) such that
e cach place v|p of L™ splits in L;
e for each place v|p of LY, L} = K and there is a place ¥ of L lying over v
such that plg, =T;
e vop = El’”éz/LH where dp, )+ is the quadratic character corresponding to

e o ' (GL,(F,) x GL1(F,)) = Gr;
p(Gr(,)) is adequate;
o L does not contain L((p);
e ifvtp is a finite place of L™, then ﬁ|GLJr s unramified.

ker p
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Proof. Choose a finite extension F/F, such that 7(Gx) C GL, (F). We now apply
Proposition 3.2 of [Call0]; in the notation of that result, we take G = G, (F), and
we let E be any totally real field with the property that if v|p is a place of E, then
E, =2 K. We let w { p be a finite place of E, and we choose a character x,, : Gg, —
F* such that X,,|7,, surjects onto F*. We take F' = E((,), and we take S to be
the set of places of E which either divide p or else are infinite, together with the
place w. We take ¢, = j € G, (FF) for each infinite place v of S, and for each place

v|p of E we let H,/E, correspond to K erT/K, and let ¢, : Gal(H,/E,) — G,(F)

correspond to (7,€7") : G — GL,(F) x GL{(F) C G,.(F). We let H,, Ekerxw
and let ¢, = (1,%,,) : Gal(H,/E,) — GL,(F) x GLy(F) C G, (F).

Writing M T /E for the field denoted K in [Call(], we see that M T is a totally
real field, and that we have a surjective representation p : G+ — G, (F), with the
properties that

e for each place v|p of M, M} = K and there is a place ¥ of L lying over v
such that p|ys, =7,
e w splits completely in M, and if w’|w then v o ﬁ|GM+ =,

e for each place v|oo of M, p(c,) = j, where ¢, is a complex conjugation at
U’
oV oﬁ|GMJr =l if vlp,

71{ )
o M+ " does not contain M+((,).

Define M/M* by Gy = p~}(GL,(F) x GL;(F)). Since p(c,) = j for each complex
conjugation c¢,, we see that M is an imaginary CM field. Similarly, we see that
each place of M7 lying over p or w splits in M.

Now consider the character ¢ := (v oﬁ)E”flcV]Q M+ By construction, we see that

¢(c,) =1 for each complex conjugation c,, that $|G = 1 for each place v|p, and

—ker ¢

that $| =Xlr at for each place w'|w. Replace M by N* := M+ | M by

N := N+M and p by Pla .- Then N*/M* is a totally real abelian extension in
which all places dividing p split completely, and it is linearly disjoint from M*((,)
over MT (by considering the ramification at places above w). Since ﬁ\GN(Cp) is
certainly irreducible, p(Gn(,)) is adequate by Proposition

To complete the proof, it suffices to choose a totally real finite Galois extension
LT /N such that

e cach place of NT lying over p splits completely in LT,
* ple L is unramified for all finite places v { p of L™, and

e Lt is linearly disjoint from N+ kerpley s (¢p) over NT.

The first two of these conditions concern the splitting behaviour of a finite number of
places of N1, so the existence of an extension satisfying all but the third condition is
guaranteed by Lemma 2.2 of [Tay03]. In order to satisfy the third condition as well,

for each of the (finitely many) Galois intermediate fields NTr ey (¢p)/Li/N*
with the property that Gal(L;/NT) is simple one chooses a finite place of N which
does not split completely in L;, and arranges that it splits completely in Lt (cf.
the proof of Proposition 6.2 of [BLGHT09]). O
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In order to study the Breuil-Mézard conjecture globally, we need to be able to
realise local mod p representations as part of global automorphic Galois represen-
tations. In order to do this, we will apply the above construction, and then show
that the representation p is potentially automorphic. This essentially follows from
the results of [BLGGT10]. However, the main theorems of [BLGGT10] make no
attempt to control the ramification of the extensions over which potential automor-
phy is proved, but it is crucial for us that we do not change the local fields at places
dividing p. Fortunately, a simple trick using restriction of scalars that we learned
from Richard Taylor allows us to deduce the potential automorphy results that we
need from those of [BLGGT10).

A.2. Conjecture. Let K/Q, be a finite extension, and 7 : G — GL,(F,) a
continuous representation. Then 7 has a potentially diagonalizable lift r : Gx —

GL,.(Q,) which has reqular Hodge-Tate weights.

A.3. Remark. If n = 2 then Conjecture is easily verified by a Galois coho-
mology calculation (for example, any potentially Barsotti-Tate lift is potentially
diagonalizable, and the result is then immediate in the irreducible case, and in the
reducible case is a special case of Lemma 6.1.6 of [BLGG10]). We anticipate that
a similar argument works more generally, at least in the case that {, ¢ K, and we
understand that the details will appear elsewhere soon.

A4. Lemma. Let p > 2(n+ 1) be prime. Let K/Q, be a finite extension, and let
7 : Gxg — GL,(F,) be a continuous representation. Assume that Conjecture
A

holds for 7. Let p: Gp+ — G, (Fp) be the representation provided by Lemma

Then there is a lift v : Gp+ — Gn(Fp) of p such that

e vor= 61_"62/L+,

o 1 is unramified outside of places dividing p, and
e if wlp is a place of L, then r|g,, is potentially diagonalizable with regular
Hodge-Tate weights.

Proof. This follows at once from Theorem 4.3.1 of [BLGGT10] and Conjecture[A.2]
]

At this point, we would like to apply Theorem 4.5.1 of [BLGGTT0] to establish
that for some CM extension F/L, r|g, is (in the terminology of [BLGGTIO0])
automorphic. However, for our applications we need the places of L above p to
split completely in F', which is not guaranteed by Theorem 4.5.1 of [BLGGTI0].
Accordingly, we need to give a slight modification of the proof of loc. cit.

A.5. Proposition. Maintain the notation and assumptions of Lemma[A4l Then
there is a CM extension F/L which is linearly disjoint from L*?((,) over L, such
that each place of L lying over p splits completely in F, and r|c, is automorphic
in the terminology of [BLGGTIO).

Proof. The proof is a straightforward modification of the arguments of [BLGGTT0],
specifically Theorem 3.1.2 and Proposition 3.3.1 of op. cit. We sketch the details.
We will freely use the notation and terminology of [BLGGT10]. As in the proof of

Proposition 3.3.1 of [BLGGT10], we may choose a character ¢ : G — @px such
that

e 1) is crystalline at all places above p.
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o R:=I(flg,, ® (1, ’"52+L1+)) : G+ — GSpy,(Q,) has multiplier €' =2,
and is crystalline with dlstlnct Hodge—Tate weights at all places lying over
p.
e R(Gpr+(,)) is adequate.
We now choose a solvable extension (L')" /L™ of totally real fields such that

e L'T is linearly disjoint from fkerﬁ(g},) over L.
e For each place v|p of (L')T, ﬁ|(;(L/)Jr and E‘Gwﬁ are both trivial.

Set L' := L(L')". We now employ a slight variant of the proof of Theorem 3.1.2
of BLGGTI0]. We let the set Z of loc. cit. equal {2n}, and we put p; = p,
F = Fy=L*t, plveid — (L')‘*‘L(Cp) We then construct the scheme T of loc. cit.
over the field (L')*, and set T" := Res(z/)+,.+T. For each place v[p of LT, we
note that T"(L}) = [T T((L’)Jur,) contains a non-empty open set of points which

for each w lie over an element t € Tél)(fiu) with v(t) < 0 (this follows from the
assumption that p\G nt and e\G 4 Are both trivial). We can then apply Theorem

3.1.1 of [BLGGTlO] to find a ﬁnlte Galois extension Ft /LT of totally real fields
in which the places of Lt over p split completely, and which satisfies the other
assumptions on the field F” in the proof of Theorem 3.1.2 of [BLGGT10]. It then
follows from loc. cit. that there is a continuous lift R’ : Gp+ 11+ — GSp,,, (Q,) of

PlG sy Such that

e R is ordinary, and

e R’ is automorphic.
Let M be a quadratic totally imaginary extension of F*(L’)™ such that

e all places of F*(L')" above p split in M, and

e M is linearly disjoint from I PEH(L)T(¢,) over FH(L/)T.
It follows from Theorem 4.2.1 of [BLGGTI0] that R|q,, is automorphic, and then
from Lemma 2.1.1 of [BLGGT10] that r|g,, , is automorphic. Since the extension
F*L'/FTL is solvable, it follows from Lemma 1.4 of [BLGHT09] that r|a, ., is
automorphic. Since the places of LT over p split completely in F'T, the claim follows
upon taking F' = FTL. O

A.6. Corollary. Suppose that p > 2(n+1), that K/Q, is a finite extension, and let
7: G — GL,(F ») be a continuous representation for which Conjecture |A.2| holds.
Then there is an imaginary CM field F' and a continuous irreducible representation
p:Gp+ — Go(Fp) such that
e cach place vlp of Ft splits in F, and has F,) 2 K,
e for each place vlp of FT, there is a place ¥ of F lying over v with ﬁ|gqu
isomorphic to T,
e 7 is unramified outside of p,
7 (GLn(Fp) x GL1(Fp)) = Gr,
p(Gr,)) is adequate,

o F' does not contain F((p),
e 7 is automorphic in the sense of Definition and in particular pop =

1 n§F/F+

Proof. This follows from Proposition [ATf] and the theory of base change between
GL,, and unitary groups, cf. Proposition 2.2.7 of [Ger09]. a
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